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INTRODUCTION

There are several ways to define a product of distributions with values in

distributions.
If uyv € D'(R™) then we write (u.v)H for the product, if it exists, given by

definition 1 of the present work. See page 2 or [12], [1]. This definition is due
to L. Hormander and was generalized by W. Ambrose,

The products (u.v)M and (u.v)MG are described, if they exist, in definitions 4

and 2 respectively; see pages 14 and 2 or [14].

These definitions are due to J. Mikusinski.

Y. Hirata and H. Ogata gave a definition of product that corresponds to that
given by our definition 3 (page 9) and, whenever it exists, we denote it by

(u.v)HD. See also [10].

Finally, the product that we denote by (U'U)M(Ah) is defimed in page 14. This is

also due to J. Mikusinski ([14]).
The present work is divided in two parts: I and II. Part I is also divided in
three sections: IA, IB and IC.
In IA we establish the relationships between the products defined above. These
relationships are described in the follwing diagram. The arrows mean implication:
if one product exists then (—) the other exists and they are equal.
The crossed arrow (++) means that the implication does not hold.

‘ 2 4 6

. o+ -

(u.v)H — (u.v)MG —_— (u.\/)M — (u.v)

1 I 5 7
3

(u.v)HO

M)

J. Tysk prove N (see [20]). we give here a proof of N that is somewbat
different.

J. Colombeau (see [3]), to prove N s uses the three hypothesis that J. Tysk
([20]) needs but he alters one of them. We show that one hypothesis is superfluous
(not the altered one) to prove the commutativity of the product (theorem 17,

page 5).

The example +2— is also due to J. Tysk (see [20]) and we give a proof of it that

follows essentially this author. See page 6.

The equivalence PR proved by R. Shiraishi and M. Itano ([16]) is included to make
this work self-contained. The proof presented here follows essentially these
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authors. See page 8. Implications —§+ and —z+ are immediate.

4
The example </— is the classic product S.H, H the Heaviside function and S the
Dirac measure (see page 14).

6
The example </— is shown in page 15. We think that it is new.

In what follows of the work (parts IB, IC and part II) we use the (u.v)m-definition

of product with u,v g D'(R1).

Part IB is a generalization of the classic formula (S.H)m =5 /2: let v be a function

of bounded variatiop over each compact interval contained in (a,b) §;R1, left
continuous and defined at each point (see page 19). Let u be a signed measure

over the Borel sets of (a,b) (finite for each compact interval contained in

(a,b) € R).
Then we have the following theorem due to P. Antosik and J. Ligeza ([2]):
THEOREM. 7he product (h.v)m exists and it L8 a measure,

We prove under the same conditions the formula:

b
()@ = [ vde) a1 u(e).e(). EEL
m a P £ supp.®
P peint of discontinuity of v

where 8(P) = [ 1im v(x) = lim v(x)], ¢ ¢ CZ(R1).
x + P x> P
x> P x < P

In IC we prove that if {Sn} is a sequence of C;(R1)-functions with the

n=1,2,...
follwing properties:
i) S,z 0 for all n,

ii) J §, =1 for all n,
iii)  supp. S, + 0 if n 5

(notice that Sn + 5in D'(R1)) then

G g () () 4 4.5)
Lin (51 () + 2@ T %5 )00 wee (5% (y) + D) T %5 )(y) =
N> o '

. i . — . _—
i 3t e gt (S(J1+...+JS+S 1) . 1(10(31+...+Js+s 1)
3 9
(j1+...+js+s-1)! (iﬂ)s'1 X

for s =1, 2, .0y §; =0, 1, 2, o0 . Here (%0(¢) = P.Ve. J Qéil dx for ¢ € C:(R1).

This formula is a particular case of a formula proved by S.E. Trione in R™
(see [19]). The proof given here is different.

We observe that the real part (or the imaginary part) of this limit with s = 2,
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iy = j, is a formula due to B. Fisher ([6]) that contains as a particular case

a well-known formula due to A. Gonzilez Dominguez and R. Scarfiello ([8]). One
also obtains in this way a formula due to J. Mikusinski ([15]) but we notice that

this author uses sequences with different properties.

In part II we deal exclusively with certain distributions in R1 which are known
as pseudofunctions and denoted by xi, xH; Asut e C.

Their formal definitions can be found in the appendix. See page 70.

We are not only interested in products of the type (xi.xf)m but also in the

existence of certain balanced products

or

for the definition of these balanced products see page 23 or 19.

The following theorem is the central result of part II. Almost all part II is
devoted to its proof.

THEOREM 6 (page 65). We have the Lollowing relations:

o (T2 =172y ()T (2r)

+ - m=T{2r)t 2 -

2T =1y 25 vue

2) G W C DR S
+ 7= M~ sen mp.2 °

i T is integen, O sRe p <1, p =0.
Auy
c) (><+.x_)IYI =0
£ Re (A+u) > -1, with Aoy e C.
d) The product (xi.xf)m does not exist outside the stated case (a, £, c).

But we have:

r
-T-p _-m-q 4\ _-m-q _-T-p _ (-1 T (m+r)
e) X, Tex_ T+ (-1) Xp o eX = EEF?FE%TEI;TT -5

4£ Mt are integers, 0 sRep <1, p 20,0 sReq <1,q #0, 1 -p - q =0,

r+m 20.

2) Ao ()R kA g
+°7- + °7- -
£ k=2,4,8, ..., Re (A-k) > -2, Re A > -1, A e C.

Xr-p.x:q—r—1 - x;q_r_1.xf_p =0

g) +

4£ T is integer, O sRep <1, p #0, 0 sRe g <1, g #0, -1 < Re (-p-q).



B. Fisher proved cases a), b), c) for real exponents (see [4],(5]).

S.E. Trione proved cases a), b), c) for complex exponents (see [19]).

We believe that the other cases (d), e), f) g)) are new. The most important of
them is case d).

Theorem 6 is a summary of theorems 3, 4, and 5.

The only information not contained there is the one given by theorem 3 about the
nonexistence of certain balanced products. See page 41.

Theorems 1 and 2 and lemmas 1, 2, and 3 are preparatory to the theorems that
follow.

Theorem 0 (page 24) is due to B. Fisher ([4]). We give a proof of it for the sake
of completeness.

There are repetitions in definitions and formulas. This is due to the fact that
parts IA, IB, IC and part II are almost independent and can be read in any order.
The number of a formula is always on its left.

Pages have two numbers: one at the top to which references are always made and

one at the bottom, which is used to separate part I from part II.

I want to express my gratitude to Profs. C. Segovia and R. Scarfiello for their
comments, to Prof. E. Guichal for his support during the preparation of this

work and very specially to Prof. S.E. Trione who carefully read and evaluated the
manuscript.
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PART I

IA, COMPARISON OF PRODUCTS. There are several ways to define a product of
distributions with values distributions.

We shall use "™" to denote the Fourier transform ie. if € C;?Rm) then
800 = [ a(e).e T g
"® yill denote the inverse Fourier transform
8x) = @M [ ().t gt

"V 4111 dencte the reflection operator: ¥(x) = ¢(-x).
Given two distributions u,v € p'(R™) we say that the product (u.v)H exists if

for each x € R" there exists an open neighbourhood of x, Qx, such that for each

pair ¢,y € C:(Qx) we have:

AN AR
i) (qu).(yv) is integrable,
P o~
ii) j |(¢u).(wv)| is a continuous function of ¢, ie. J [(¢iu).(wv)| > 0 if

& +0 in D(Qx)’ (see Hormander [12], Ambrose[1]).
Ue define a distribution W, € D'(QX) in the following way,

J AN ==

w d) = | (du).(wv)

with ¥ e C:(Qx) and such that § =1 in a neighbourhood of the support of é.

W does not depend on Y: take Uﬁ’ db two functions with the same properties as .

Then

AN AN A~ o~ oS
[ sl o) - | [ Tou)(tw, - w ) -

o~ — . /\ /\\\
- ain [ 800y - = din o[ (Gou) * 50, - vu) x5 ) -

n > o n > o

= Lin (@0)™] (6u) * ). (@, - ) *5) = 0

n-+ o

where {Sn}n=1,2,... is a sequence of C:(Rm) functions such that S, 20,

J8n=1,wm.8n+01fn+u

In this way we get a family of distributions w associated with open sets Qx for
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each x € R" with the following property
m
W =W , for all x,y € R
x/Qx n Qy y/QX n Qy
It is easy to see that there is a unique distribution w e D'(Rm) such that

m
w/nx =W for each x ¢ R

DEFINITION 1. IZ u and v satisfy the conditions i) and ii) then we define

(u.\/)H 1= W
The product given by definition 1 coincides with the usual one for functions in
S: let x,0 ¢ S(R™, ¢,0 € C;YRm), ¢ =1 in a neighbourhood of supp. ¢. Then we

have
N
J%q%@ﬁ)=[@®pe=uﬁﬂw.
DEFINITION 2. Let u,v € D'(R"). We say that the product (u.v)y. (generalized

Mikusinskdi product, see [14]) exists if there is a W g D'(R™) such that for

each pain of sequences {dn}n=1,2,... and {en}n:1,2,... verifying

i) dn z 0, e, 2z 0 Zor ol n,
i) J dn = J e, = 1 for all n,

LiL) supp. dn + 0, supp. e, >0 4N >

and for each function ¢ € C:(Rm)s

tin [ (0% g) (). (v * e )0)aly) 8y = ulp).

n > o
By definition (u.v)IYIG = w.
The existence of this limit for each ¢ € ﬁZ(Rm) even for only one pair {dn},

{en}, implies the existence of a unique w e ;' that satisfies the equality for

that pair.
This product coincides with the usual one for continuous functions u,v, because

(u * Sn) 3 uand (v * Sn) % v on compact sets.

We will see now a result due to J. Tysk ([20]):
THEOREM 1 (Tysk). IZ£ (u.v),, exists then (u.v)yc exist and

(u.u)H = (U'V)MG'

We shall need the following lemma.

LEMMA 1. IZ u€ D'(R™) and &,d € C;YRm) we have
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[o.(u * d)1(x) - [($.u) * d)(x) =

1 /\ ' )
= ji}: JU I [(aj¢)(2 + m.t).uz](x).wj.d(w).e-l<LJ;/\> dw dt.

PROJF. We may suppose that u € E'(R™). Then
T —T /\ — .
Alx) = [o.(u * d)1(x) - [(6u) * d](x) = (2m)™[§ * (u * d)}(x) - (¢u) (x).d(x)

= (2mM ™6 * (0.a)1(x) - d(x).(d* 0)(x)}

(zn>‘mij Bxy)300).307) 8y - [ 800.59).8(x-y) ay) =

- (zn>'m{j 3y)b(x-y) . (8(y) - 8(x)) dy}.

Now

~ A 1 A
80 =800 = [ 1 @A) -t - )ty - xp) et -
J:

= J1 f(1)(t) dt = f(1) - (o),
0

here f(t) := d(x - t.(x - y)).

Then, we can write

m 1 R n
AC) = (@ T jjo S0 -0ey) (@) (x = tlx = )y - x) at oy =
J:
_ m 1, PN "
- 0™ ) jjo S+ (350)(x = ¥).(2,) (x - tlx - y)) ot gy.
J:
But
(3,50 - tlx - y) = (-i).j ,.0(g) e B tleoy)> o
= (-i).j (-£'/t).d(-g"/t).elE'/tsx> -i<E!,x-y> L oger,
J tm
Then

m 1, S~ i<, ,3"
A(x) = (2")_m-,21 Jjb U(y).(aj¢)(x -y). é%-.[(sj.d(s))(ﬁf).el Y N(x-y) dt dy =
J:

o ™o . _ i<.,% > ]
- @™ 3 ] 50160 * UsatenGe TE - ). L
J:

dt dy =
"

m 1 _ i<.,% >
* —_—
A RUCRIORRERTENC

](z).uz)(e'i<x’2>). ;—m dt

1.3



s X
= jg1 j; Uz(é-i<x,z>.(J (aj¢)(z - w).(sj'd(s))(;§0.61<m,€> ). é% .
Since V21 =18V, we have:
m 1 . i<u,%>
A(x) = j£1 jo (f 0 (6T (3 4o - m)).(sj.d(s))(:gﬁ,ﬁ—zﬁr___ do) ot =

1 ) o
J (J u (e (3.0)(z + w't))u(s..d(s))(w!).e Y > gyr) gt =
10 z J J

m
= .z
J:
m 1 —i<wy,x>
= 5[] T e+ ue)a 100w ). e I g, aeD.
=170 J z J
PROCF OF THEOREM 1. Suppose u,v are such that the product (u.v)H exists; let

Qx be an open set containing x with the properties mentioned in definition 1.

Then the following equality holds with ¢,V € C:(Qx)’ Y =1 in a neighborhood of
supp. &3 dn’ e sequences as in definition 2:

A

[ tonto o) utuatv x T - [ Ltow) * g Totw) % e ] -
= [otwx )T - Tow) * o 1) (luatv * o)) - [w) % 1) +

vt tara )T - Low) o ). L) %, T+ (Lo (v e pI-T e %o .l (o) % T

The first and last integral vanish if n is great enough. For example, for the

last one we have:

[ Goetwx T - Tt * & D).lGou) % 9] =

- (e x e )] - Tov) e 1) [00) * 6]

and it is seen that ([U.(v * en)] - [(wy) * en]) is equal to zero in a

neighbourhood of supp. ¢ if n is great enough; therefore, for n great enough
the integral vanishes.
Calling In the second integral and using lemma 1 we have:

w- 1

j=1 0

A
~

I[(8j¢)(z + wt)uzi(x).mjdn(w).e—i<w’X>.[(wu) * en](x) du dt dx =

- (2m)" W) (x).&_(x).e™1U 2 ) 6t hu i (u) d =

3

Ie~-13

1 j([;<j[(aj¢>(z v ut)u, J(x).

L4



But 5
Y TN -i<w,x>
IJ [(3j¢)(z + wt)uZ](X)(wV)(X)-en(X) e 5 x| s

A /\\
@™ 106 0)(z + wthu 160 T ()] x.

A

By ii), definition 1, this last integral is a continuous function on

[0,1] x{Ju] s €'} if €' is small enough. Then, there exists M < w such that
A N A .
|J [6 9)(z + wt)u, J(x). V) (x).e ().e7>U" ax| < m

. n

if t € [0,1], |w| s €'. And

1
T | s § JJU m,

ifon 2 ng, n, such that supp. dn(w) < {|u} < e'}. Then

wj.dn(w)| dt dw = M.m.g'.

tin ([ Touu * g )1 lontv % )] - [ (o) * g 10w * o 1) - .

n =+ o

Since én -1, én > (2m)™ uniformly on compact set and boundedly, we have

vin (TG0 % g Tlw) * e 1= 1im (@™ (006 Tw).8 = (o)

n -+ o n + o

The theorem follows immediately by Parseval's formula:
* * = * *
[ 1o * 0 luntu )] [o-0xa).vxe, GeD.

Some authors (J. Tysk [20], Colombeau [3]) add the following third condition

to those defining.(u.v)H:
A~ A AN A -
158) [ (60).Tw) = [ T60).T00) for each o0 € C(a).

The product becomes commutative, if one defines as in definition 1, a distribution

m; € D'(ﬁ&) by

w () <

AN A
- j (6v). (Yu)

with ¢ € C:(Qx) and such that ¢ =1 in.a neighbourhood of supp. ¢. Notice that
definition 1 is not symmetric, even when added this third condition. But to
define w; it is only necessary iii) with ¥ =1 in a neighbourhood of supp. ¢

and then it is a consequence of i) and ii).
THEOREM 1'. IZ u and v satisfy i) and ii) of definition 1 then

N — PN
[ 0. T - | (). (g0
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Lon every ¢, € C:(QX), Y = 1 4n a neighbourhood of supp. o¢.

PROOF. From theorem 1 we get

AN X
JQbu).(wv) = lim J $.(u * dn).(v * eé).

n < o

Since the limit is independent of {dn} we have

]
N=1525ee.’ {en}n=1,2,...

lim J $.(u * dn).(v * e%) = lim v(¢.(u * dn)) = lim (¢v)(w.0J*dn)).

n > o n -+ o n > o
If {en}n=1 > . is a special sequence such that
()0t * 9 ) = [ Llow) * e Julo-(u % 1] 5 1/n

then
lim  (¢u)(p.(u * dn)) =
n - o
a 2 A AN

- nli"‘mJ [ou) * e Totly-(u % )T - () * g 1) + [ Tov). (o).
But

R

[Lo) * & Jetlunto * 90T - L) * 9]y =

= [ton) > e Tutlo o % 00T - L) ¥ 0 By =1,

In is like the In in the proof of theorem 1 after changing ¢ by Y. And it tends

to zero because in the proof of this fact it was not used that ¢ = 1 in a

neighbourhood of supp. ¢, QED.

The counterexample that follows (also due to J. Tysk [20]) shows that definitions
1 and 2 are not eguivalent.

Suppose we have f: R > C such that f is continuous, of compact support,

feC ((-=,0) U (0,+<)) and that
/N
(*) J [GF] = o0
for each ¥ € C:(R) such that ¢ =1 in a neighbourhood of zero. In that case (S,f)

can not be multiplied as stated in definition 1 but, if ¢ € C:(R),

Lin [(5 % e )(x).(F * 0 )(x).0(x) ox = 6(0).F(0).
n-+ o

Then we have

(S.f)MG = f(0).5.

We will show now that such an f exists,
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7
Let g be a C:(R) function such that g 2 0, g'is no identically zero, increasing

in (-»,0] and decreasing in [0,+®). Let a_»b_ be two decreasing sequences of

positive numbers such that 1im a = 1lim b_ = 0. We set
n > n -+ o
T k
F(x) 1= I (1) .g().
k=0 k™=

The f(x) function is continuous and of compact support because by the criterion
for alternating series we have that

m
k

Y (-1) .bk.g(ﬁi)l < bn.g(éi) s b_.max g.

k=n k n

(=]
It is clear also that f € C ((-,0) U (0,+®)), and that
A [+

PO = T (-1)%.b, .3, .5(a, %),

being the series unifofmly convergent.

We will prove now that there exists two sequences an,bn that make J|f[ = +o (more
than that, (*) holds).

We call Ck' k € Z, the following subsets of R:

Ck . Ier-1 < |x l < r2k+1}

where T > 1. It is obvious that U C =R - {0}.
kez K

For k =0, 1, 2, «.. we have

4% .
A ~ J ~
JC If] 2z JC Ibk.ak.g(ak.t)| gt - J | E (-1) .bj.aj.g(aj.t)l dt z

L, j=0
k K < T
2 J |b . .0(a .t)] ot - 1 J ]bj.aj.g(aj.t)| dt.
€ j=0 't
jzk

And therefore
(1-A) j|f| : ] J L [j lby.a,-6(a . t)| ot - J j [b5a-8a.t)] atl.

k=0 Ck k=0 Ck j=0 Ck

J=k
-2k Pl

Take a =1 . Rewriting (1-A) we have:

W

o A - oo o - LN _ .-
J|F| y [bk.J r-2k.|g(r 25;t)] dt - b..I T 2J|g(r 2Jt)| dt] =
k=0 j=0 /¢

C
K Ik K
+m A tm
z ] [b .J lg(t)] ot - b..J :
k=0 K e =0 3 (e o).

J#k

L.7



8

Setting c, := J la(t)| dt, we can write:
¢
400 400
(2-R) JIF| z ) [b.c - b..c, .l.
k=0 j=0 9 K-J
jzk

Set b, =

and an T such that cké c0.4_|k' for every k € Z, This last

j+1

inequality can be obtained because a e S(R). We know that there exists a constant
M such that

A

o)l s &, (8] = m.

And if k > O

2k+1
J la] = Z.Jr f% dx = 2.M, iiégiTll s 2.m 072K <o K
C 2k-1 x T
k T
and if k <0
1_2k+1
I |§| < 2.J mdx s 2.m02% (2 - 1) s 2.m.02 < oMLk,
C r2k—1
Then we have for each t > 1 that
JC 15] s 2kl ke z, k20

k

From here we inmediately obtain

c S c0.4_|k| for every ke Z.

To finish the proof, observe that the following estimates hold:

40 k-3
4 L 11 A 1
(3-R) j=E+1 YT Sk+2 ‘[a vzt el sy S ey -
k-1 jk
(4-R) ] — s 3 1
\ = ° -
A I A

The inequality (4-A) follows easily by inducticn: for k = 1, 2 it is true and
if k' 2 2 then '
131 s (Lt ?
(k'+1)-1 ,3-(k'#1) . Kk

——— -, Z
Jj+1 4 =0

jk!
4 s —.[ 3 + 1 ] =
J+1 54 M6k + 1) T (k' + 1)

-

j=0

S % 9 (.
TBa.kt +1) 16 C k' ¥ 2)°

From (2-A), (3-A) and (4-A) we have

-lk-3
Flz T lemor- Foed ) ac. 7l - .
= k=0 ¥ JEU I T = o‘kgo + j-—Z:D J+1 z
J& j#k

1.8
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QeD.

DEFINITION 3 (Y. Hirata and H. Ogata, [10]). Given two distributions u,v ¢ D'(R"),

we say that the product (u.\/)HO exists, if there exists a distrilution w ¢ D'(R™)

such that for each sequence {S_}

o oMy .
nn=1,2,... € CO(R ) with the properties:

) Sn 2 0 for all n.

i) f Sn =1 for ald n.

LLL) supp. Sn +04 n»>o
and each C:(Rm) Aunction, ¢, we have

lim v((u * Sﬂ)(y)-¢(¥)) = w(d),

N+ o
and define (u.v)HD = w.

THEOREM 2 (R. Shiraishi and M. Itano, [16]). (u.v)HD exists if and only if

(Uev) e exists, and the products are equal.
MG

Notice that if (u.v)HU exists then (\/.u)HO exists and
(u.v)HD = (v.u)HO = (U'V)MG .
For the proof of theorem 2 we need some auxiliary lemmas.

LEMMA 2. Lot uyv & D'(R") Le such that the product (u.v)g exists, Then for each
compact set K & R" there exist constants kgr Mo L amd a closed fall K' < R"
centened at zero such that fon each function ¢ € Cz(Rm) with supp ¢ €S K and

~
max ]Dk¢(x)| s M2 K| s k, and each Cz(Rm) function, S, such that
x g R"
~
J |S| =1, supp.’gSK',
it holds that
~
[v((u *78)(x).(x))] s L.

PROOF. Let u,v ¢ D'(Rm) be as in the lemma. If it were false we could find a

compact set K and two sequences of functions Sn’ ¢, such that.¢n + 0 in D(R™)

(supp ¢, S K for all n)s S, > 2.5 in ' (R™ (zD a complex number, |zO| < 1) the
supports of Sn tending to zero, [ lSn[ =1 for all n and verifying for all n the

inequality

1.9
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*
jv((u Sn)(x).¢n(x))] >1.
If we proved that there exists a subsequence such that

. m
(5-R) {u * Snj).u -+zo.(u.v)HD in D'(R")
holds, then by Banach-Steinhaus theorem we would have that
1im  ({u * S, ).v)(d)n ) = 0, which is absurd.
J J

Nn. > o
J

I

LRIl (g -
Call S =S_ + iS_ ", then choose {An}n=1,2,...(An € CD(R )s A 20, fA =1,

supp. A 0) such that

I

I
Sn - (s

* 5 m
- An) » 0 in D(R").
Then
(v * Si).v - (u * Si * An).v +0 in 2'(RM),

I I . m
* _ *
because u (Sn Sn An) >0 in E(R).

ool oIl 1 I
But if S := Sn+ - Sn_ (where Sn+ = supp. (Sn,D)) we have

(uxsh*p)w=(u*(sh *a)w-(u*(s) *a)w
+

and we can choose subsequences of (Si * An) and (Si * An) (that, for
+ -

convenience, we. continue writing them in the same way) that have the properties

i), iii) of definition 3 and that verify

. I, _
lim J (Sn+ a) =a

N -+ o

. I

1im I (Sn *A) = as
N > o -

where g, - o_ = Re z,. Then, since (u.v)HU exists we have

(u * Si * An).v = (u * (Si * An)).v - (u'*(Si * An)).v -+ (Re zo).(u.v)H0
+ -

in D'(R™).
Dealing in the same way with SiI, (5-A) follows. QED.
LEMMA 3. IZ u ¢ D'(R™), Ve D(R™), L > 0, then fon each K compact there exists
a polynomial Pk(y) with positive coefficients such that
<.,.>u%
001 5P (]3])

for every x g K and every j = (Jys «uv s § )5 3; € N U (O},

10 * o(.)ee

A

I.10



1
PROOF. It follows inmediately from the fact that a distribution is locally the

derivative of some order of a continuous function. QED.

LEMMA 4. Let usv € D'(R") e such that (uev)yg exists, then ((au).v),y exists
i£ o € C(R"), and

a.(u.v)HD = ((au).v)HD.

[a] .
PROOF. We assume that a € E:(Rm) is such that supp. o < Q, where QS R" is a
cube of side L centered at zero. Then we have in Q
i<j,x>.g
a(x) = Y c..e in Q,
3 J

with § chl (1-+ |j|)l s K(1) for each 1.
J

o
Now, if ¢ € C;YRm) and @ is great enough (i.e. supp. ¢ < Q), we have

() * 5,)(x).6(x) = u {a(y).5 (x=)).0(x) =

i<jry>o i<jyy>. &
=u (§ c..e S _(x-y)).d(x) = ¥ c..u (e 5 (x-y)).p(x) =
y 3 J n 3 J Yy n
-i<j,.>.-|7_-T- i<gixoul
=] cj.(u * Sn(.).e Y(x)ep(x).e .
J
By lemma 3, we have for fixed n that
-i<j,.>.% i<j,x>.%

Y le..(u*s (.).e J(x)p(x).e | =1 le.l.P (]3]). max |&(x)]
; J n ? j k
J J x € K

where supp ¢ © K compact. A similar reasoning can be done for the derivatives

fo the factors in the series. Therefore we can write

~i<§y o>t i<y

. Z' cj.(u * Sn(.).e Y(x).0(x).e — ((qu) * Sn)(x).¢(x).

3] =i, in p(R™)
if jO +> ©
And then
-i<j,.>.€‘ i<j,x>.%
v(((au) * 5 )(x).6(x)) = ) cj.v((u *5 (.).e Y(x).0(x).e )e
J

Now by lemma 2 we have

. s 3 s s s
—l<J,.>tE 1<jox>o

J(x)6(x)ee Oy s pr(|5])

for every j and every n 2 Ny (nO great enough) and where P! is a polynomial with

Ju({u * Sn(.).e

positive coefficients.

.1
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Then if n 2 n

o
—iciye> icjox>.L

Jz joev((u* 5 (L).e Ly(x).p(x).e “)p s ) c;-P (]3]

Because (u.v)HD exists we can write (%)
—i<j9->-% i<j’X>.%
lim ((ou) * Sn).v)(¢) = lim ¥ cj.v((u * Sn(.).e )(x).d(x).e ) =
n>® n -+ j
_i<i, >t 1<i,xo 8
S e lin W(W*s (e Deke 0
J n‘ -
i<j.><>% i<j,x>.1L'-
= § cj.(u.v)HO(é(x).e ) = (u.v)HD(¢(x). § cj-e ) =
= (U-V)HU(¢(X)-G(X))- QED.

PROOF OF THEOREM 2. It is obvious that the existence of (u.v),. implies the

MG
existence of (u.v)HO:

((u*8)w)(0) = 2im ((u* s ).(v*a_))(¢)

m > ®

and taking a subsequence of {Am} (linked to n) we have

m=1,2500.

Lim ((0*5)w)(6) = lim ((u*5).(v*a ))6) = (Uw)g(0).

n -+ o n -+ o n
We will prove now that the existence of (u.v)HU implies the existence of (u.v)MG

(and therefore they are equal).

If¢e C:(Rm), writing again

i<j,x>.%
d(x) =73 c..e y X €Q,
EN
J
with § |cj 1 0+ ]j|)l s K(1), for each 1.
J
Choosing @ = 1 in a neighbourhood of the support of ¢, for n 2 Ngs» M 2 m  we have that

(*) Suppose the existence of (u.v)HO. If An = A: + iAE is a sequence of f:(Rm)

functions such that:

a) A: 2 0 for all n.

: R . C
b) lim f A, = 1, 1lim f lAnl = 0.

n -+ o n - o
R
c) supp. An > 0, supp. Ag > 0.
Then from lemma 2 we get: lim (u * A Yev = (u.v) (in D'(Rm)).
n*® n HO

112
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(s ).(v*a))e) = ((u) *5 ).(v*a))(9) =

i<j, x>,

= ((au) * 5,)(800). (v * 4)) = ((aw) *5)(I c.e Hv*Axn)
J

s s il
1<) x>y

= Jese(low) *5))(e Lov %8 )(0) =
J

i<j,x-y>.% i<j,y>,%
"~ Jch.((Otu) * Sn)(\/y(Am(x—y).e .e }) =

. . . m
1<)y 9> -:E i<ls¢> -t)

= Jes((aw) * s )(((e ) * 4 (e)ee (x)) =

1<i,e> et i<y >t
() *5) % (e " L) %a (e o Ty o)

L—'M

v -i<j,.>;% i<j, 0>
((aw) *5_ %4 (s).e ) * (e Ly )"0

1
Ctepay
0
-

-i<j,.>.% i<j,x>%

v
= ch.(((aU) *s5 %4 (e).e Jov)(e B(x))

where B ¢ C:(Rm) and B8 = 1 in a neighbourhood of supp. @.
By lemma 4 we know that ((au).v)HD exists,
By lemma 2 we have then

-i<j,.>.E 1<J,x> il

v
[(((aw) * 5. %2 ().e (e 80| s Pr(]5))
for every j and n 2 nys M2 m, where P" is a polynomial with positive

coefficients.
Then we have by lemma 4 and the last observation that
lim  ((u* s ).(v*a))(0) =
N,m + o
v
= lim z c5 A ((gu) * Sn * Am(.).e

NyM + o j

-i<j,.>.% i<jyx> X

)ov)(e Le(x))

. v ~i<j, > i<j,x>.%
=7 c 5 lim  (({qu) * 5, * Am(.).e You)(e B(x))
3 Ny + o

1<j,x " j,x>.€-

= }:Cj‘((“u)'V)HD( L a(x)) = 2 c5 (uev)glalx).e ) =

. s m
i<j, x>,

- (09)y((Jogee D).ata)) = (uw) g (0), GED.

I.13
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Definition 2 can be changed slightly.
DEFINITION 4. Given u,v € D'(R™) we call their product (uev)ys &£ it exists, the

distribution we D'(R") such that fon each sequence {s ) with the pro

n=1 ’2’-|-
properties

4) Sn 2 0 fon all n.

w [,

Lil) supp Sn +*0, LN > o,

1 ZLon all n,

and fon each function ¢ € C(R"), the following Linit

nmj(u*%mnxv*%xnmu)m=mw)

n+o

holds (see Mikusinski, [14]).
It is clear that if the product (u.v)IVIG exists then the product (u.v)M also

exists and, of course, we have,
(U‘V)M = (U'V)MG°

The converse is not true, because if

H(x) :=

and ¢ € C:(R1) we have

* = (1)
tim [ (4% 5)00).8,00.000) dx = 1im [ (4% 53000 (0 % 5 (x).00x) ox =

n - -0o n -+ -C0

2
- 1 JMH*S”) e = im [ % 520000 0 ox < $0)
= 1lim [—————75—————] JH(x) dx = 1lim - 2(H Sn) (x) 0" 7 (x) dx = 5 .

n + o .o n + o .o

Then (H.s)IYI = §/2 but it is clear that (H.s)MG does not exist.

The following diagram shows the relationship among the products

(u.v)H ~—*-(U.V)MG ——*-(u.v)Iv|

!

(u.v)HU

Some authors restrict in definition 4 the sequences {Sn}n—1 2 s taking a
- ] s a e

fixed one with the properties i), ii), iii) of that definition. We will call

this product (U°V)N(Ah) where {Ah}n=1,2,... is this particular sequence.

The following is an example of two distributions u,v € 2'(R) and {Ah}n-1 2
Sl 9fseces

I.14
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such that (U'U)M(Ah) exists but (u.\/)IVI does not exist.
We have (see appendix for the definitions of xi, xf):
e ;o
* -« - = - = -
(x+ A ly) = < oA (y=x)> j x “op (y=x) ox J (y - t) A (t) dt
0 -
and also (here i is the imaginary unit)
1 . 1 . 1 .
-5 H -5+ - = +i
* = < - = =
(x_ B)(y) = <x_ s B (y=x)> = <x, s B (y+x)>
1 1 .
to - 5 +i 400 -5+
_ f < A (y+x) dx =f (s - y) A (s) ds
0 n y n

Then if ¢ € C;YR) we have
-3 -5 H
[60 20 )00 27 %a )00y gy -

{oe] _.l- s ) -
S -0 T e e 7 (o) w)a) oy -
<« (o2 y

1 ..
S - 5 +i

1
0 400 - —
= ij(Jt (Jt (y - t) %.(s - y) 2 Lo(y) dy).An(s) ds).An(t) dt.

Take y =t + (s - t).v. We have then

1 1,
s -= -5+
ft (y - t) %.(s - y) 2 <o(y) dy =

- % +i . .
1 - ) «o(t+(s-t).v) du).(s - t)* = G(s,t).(s - £)*

i
—_
__.—‘
<
H
|-

with 6(0,0) = B(%—, % +1).0(0); 6(s,t) € C°(R%); B(.,.) is the Beta function,
Then

- - % +i
[0, 2% 80000 27 % 8 )05 00) oy -

N

+ © + o .
= [ stsit)ts - o) (o) as)a (1) ot

Let p e C:(R), p an even function, p 2 O, fe =1 and {Bn}n_1 2 an increasing
=i 9L 900 e

sequence of positive real numbers such that 1lim B_ = 4o,

n -+ o

We set

An(x) = Bn.p(x.Bn).

We can then write

115
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J+w ( . G(s,t).(s - t)i.Bn.D(s.Bn) ds).Bn.p(t.Bn) dt =

=00

too e t 1 . 1
= [J-w(Jt' G(g; ’ %:).(s' - tv)l,p(s') ds').p(t') dt']'_f .
n
But
X SR S A ' i . , , .
nlizL J-m(jtv G(§; ’ §;)'(5 - t')".p(s') ds Y.o(t') dt! =
+00 oo .
= ¢(U).B(%uy % + i).J (J (s' - t')l.p(s') ds').p(t') dt' =
—o Jt!
= Qéo—) .B(% ’ '12—+ i)oJJ |S' - tl 'ip(si).p(t') dS' dt'

and there exists p such that

Jf|s' -t p(s").p(t) ds' dt' = O
(see theorem 1 and lemma 1 of §2 of part II).
Then, there exists ¢ z 0 such that

. -7 -7+ .
Lim {(x, = %A )(y).(x_ * A )(y)eo(y) dy = c.¢(0). lim -5 .
n - e n > o Bn

82nﬂ-e i

If we choose B = » B arbitrary. Therefore,

we shall have 1lim JI =g
n +«>Bn

given @ there exist sequences {An(e)} such that

N=1325c04

1 1 ..

- = -5 +1 .
2 2 _ 16

(X+ . X_ )M(An(e)) = c.e ~.S.

This shows, that in this case the M-product does not exist.

IB. A PARTICULAR PRODUCT. Let (a,b) be an open interval < R. Let u be a signed
measure over the Borel sets of (a,b) ie. for each closed interval [c,d],

a <c sd<b, there exists a Borel set A < [c,d] such that for each Borel set
B <A we have 0 £ p(B) < +» and for each Borel set cc {[c,d] - A},

-0 < u(C) < 0 (Hahn's theorem).

Let v(x) be a function of bounded variation in each compact interval contained
in (a,b). In what follows we suppose v(x) continuous from the left and defined
at each point (see the note at the end of this section).



17
THEOREM (P. Antosik and J. Ligeza, [2]): 7he product (u.v)m exists (definition

4, 1A) and we have
b
Wady® = [ v)b) o T ue).ee). BEL,

a P € supp. ¢
v(x) at P is discontinous

whene S(P) = [ 1im v(x) - 1lim v(x)], ¢ € C:(R).

x + P x*P

x> P x <P
PROOF. Let ¢ € C;YR) and [e,f] € (a,b) such that supp.¢ < [e+e , f-€]. Decompose
v{x) on [e,f] in the following way

v(x) = v_(x) + ﬁc(X) + Sd(X).

where Ve is continuous in [e,f];ﬁL, #d are increasing and decreasing jump

functions, continuous from the left. They can be written as

8.(x) =1 CyeHg (s

5d(x) = _ZDl.Hg'(X)
1
where
e (x) = HOc-E)
J
and
1 x > 0,
H(x) =
(0 x=o0,
and where gj’ ;{ are a denumerable number of points in [e,f], Cj 20, 0; 20,
¥ Cj <oy ¥ D, <.
Then, if I is the distribution
16) = [ o,

we have

J(u *¥ 5 )(x).(v * 5 )(x).6(x) dx = (uy eV ® IS)(¢(5).Sn(s—X).Sn(S-y)) =
= ([ (). (v * 5.)(s).5 (s-y) ds) =

= u ([ o(s). (v * 80515 (sy) ds) + u ([ 6(). (8 * 5.)(s).5 (s-y) e -

- ([ 691 ((8) % 5055 (smy) 0o

it suffices to study the limits:

1.7
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1im u ([ 6(s). (v, * 5 )(s).5 (sy) ds),

n 2o

lim uy(] ¢(s).($c * Sn)(s).Sn(s-y) ds).

n -+ o

It is clear that

ch(S)-(vC * 5 )(s).S (s-y) ds ﬁ o(y).v_(y)

then

vim i ([ 6(s) - (v, *5)(5).8 (sy) 0s) = uouvy).
n -+ o

We call

m
Sc(x) = j=1§...,m Cj.ng(x).

Then |5c(x) - S:(x)l < e', if m is great enough.

Now, if the following limit exists

lim ( lim uy(f 6(s). (87 * 5 )(5).5 (s-y) ds)) = =

m< oo N » o

then we have

lim uy(f 6(s). (8, * $.)(s).5 (s-y) ds) = =,

n - o

Let us calculate

u, ([ (). (0 % 5 )(5).5 (s-y) os) =

= i ,Z.”’m Cj.uy(J d)(s).(ng *5.)(s).5_(s-y) ds) .

But |J¢(s)ng. * Sn)(s).Sn(s—y) ds| s max |¢|, for all n, all vy, =1, v..

J
and

0 if y < Ej’
lim J ¢(s).(H£- * Sn)(s).Sn(s—y) ds =

n*® 3

o(y) ify> €j,

and also, since we have (Hg * Sn)(1)(s) = Sn(s-ﬁj), we can write
; .

(He *5)%(s) (1)
tin [ 6(s).(Hg_* 5 )(s).5 (=€) d _ din [o(s)—l——
n -+«

n > j 2

1.18
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o(g.)
- 1n - " J (ng *50%(s).001 () as = 5o,

By Lebesgue's theorem we gef

o(g.)
nliﬁm “y(J ¢(S).(H€j *5.)(s). 5,(s-y) ds) = “y(¢(y)'ng(Y)) + u(gj):—7;l-,

and therefore

lim ( lim Jq)(s Am * 5 )(s).5 (s-y) ds)) =

m -+ o n+oo

= lm (7 ool et (v) + ule,). —2 1) =

M>ow Jj=lyeee,m

Then

lim J(U * Sn)(x).(v * Sn)(x).¢(x) dx =

n+®

C D.
u(owv,) + ule. $ )+ Z u(g ¢(€ ). - u(-o. 5 - 1 ulg)).og)) 7%
1

and the theorem follouws. QED.

Note. If v' is any function of bounded variation then (u.v')m = (u.v)m, where

v is the unique function of bounded variation which is left continuous defined
at each point and such that v = v' almost everywhere. The equality is due to the
fact that

(vt * 5,0(s) = (v * Sn)(S)-

IC. A SPECIAL FORMULA.
DEFINITION 1. Given a polynomial, P(x1,...,xm), in m veriables and m + 1

distributions Uy oo s U, ue D'(R), we say that
P(Us .o U ) =w
i

Lin [POU; % 85000, (U % 5 )(x)).0(x) dx = (o)

n + o

1.18



2

holds for every ¢ € CZ(R) and every sequence {Sn} of C:(R) Lunctions

n=1 ,2,.-0
such that
L) Sn 2 0 for all n,

i) J Sn =1 fon all n,

iiL) supp. Sn +0, iZ N »

A particular case of this is the product given in definition 4, IA.

We want to prove the following formula

(3,) . (3) (i) (i)
(1-C) (s DT s e D) -
Bt oee 30 (S(j1+...+js+s-1) . 1(1)(j1+"'+js+5“1),
= . X
(j1+...+js+s-1)!.(in)s-1 "
with s =1, 2, ...y §; €N U {0}. Here (%J(¢) = - J 1n |x|.¢(1)(x) dx =

= p.v.J ¢£x) dx, for every ¢ € d:(R)-

We will need some auxiliary lemmas.
LEMMA 1. Let U,V € Cm(R) be such that therne exists a polynomial P with positive
coefflicients such that

WG| s POxD)s  [UG)] s PCjx])
and U.b € S(R) £ b € S(R) (this means U e Oy(R) ). Assume 0,0 are functions
with supponts in [a,»), a € R, that are continouos except at one point at most
and that there also exists a polynomial P' with positive coefficients such that

1060 s Pr(IxDs  HTGO] s Pr(x]).

Then we have A

u*v = (U.v).27.

PROOF. By hypothesis U.V is of polynomial growth. It is CP°(R) and 0 * U is

continuous, with support in a halfline and of polynomial growth too.

Then if ¢ ¢ CE(R),

[ @ x D000 ay = [ ot)(] By-0.000 0 ay =

= [ 00.(] Gy-0.000 o) ax = [ §60.(] Tiy).00r00) ay) ox -

N
A~

= J ka).(J U(Y)-$(y).ei<x’y> dy) dx = I ﬁ(x).U&(x) dx = ZH.J V.U.$, QeD.

I1.20
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LEMMA 2, //////,/\\\\\\\\\

(m) n

g(m) (1;) = 2.1 x™ H(x),

BT

+

i meNU {0} where H(X) is the Heavyside function, ie.
T i xz2 0,
H(x) =
0 i x< 0.

PROOF. Although this is a well-known formula we include a proof of it (cf.
[Schwartz II, P. 115]).
Let ¥ £ S(R). Then

(25(w) = DoV, j Iéll dx =

. n .
= din (L] e oe) ox 4 L/n T e ) @) o =

dx) dg} =

-1/n gmi<x,E> Jn omi<cxse>
— dx +

= lim {J w(a).(J 3

n -+ c -n

ng
= 1lim {J w(a).(-Zi.ﬂ/n ier‘x#:ﬁldx) dg} = 1lim {J w(g).(-Zi.I EL”—,—”du) de}.

n > © n - o g/l"l

+co
But I EES—E du = 1/2, then we have
0

L) = im (1 - 2.10:)).

The case m = 0 follows if one observes that

il

§(w)

///T/N\\\\
s+ 1 L) - J 2.H(g).p(g) dE.

The general formula follows from the fact that

f w(g) dg

and therefore

7(m) _ (ix)™r, QED.
PROOF OF FORMULA 1-C. We call
(i) . (3.)
n
Ak(x) := (Sn Ky i ((%0 Ko Sn)), with k =1, ..., s.

The Ag(x) satisfy the conditions in lemma 1. We can write, using lemmas 1 and 2,

I.21
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( 2n)5'1.(A‘1‘. ee WA

g Jqteeet]

=27.1

S.(H(x).xJ1.§n(x) * .., % H(x).xJS.ﬁn(x)).

Then, (cf. Schwartz, II. p.30]):

) j i
lim (2n)s—1.(A?. cee AT = 254 S (H(x)x ' * vuu * H(x)ux ) =
N3 o
. . - .,
CJqtesetdg Jgtees 34!

j1+...+js+3-1
=2l o G AR D

Hx) ox =

- . . ——
o 3t eee 34! (J1+...+JS+S 1)

L, s (s (J1+...+Js+s-ﬂA
- .1 ‘(j1 F oees + jS +s5 - 1)1 "

—_—~
x |~
S”

i
+ &
m

and from this, the formula follouws, QED.
APPLICATIONS. From formula 1-C we get

(. ) (. ) (' ) . (. )
TIPS T LR RINNNCIS N (RS TR
Re(Im resp.) it e 36 (j1+"'+js+5'1) (j1+...+js+5-1))

. . 131 (3 s-1
(J1+...+JS+S 1) (i)

in p'(R) if n » oo,
From this several known formulas are deduced. Taking s = 2, j1 = j2 =T
(r e NU{0}):

1 s(D) ,
5.(;0 = -, (A. Gonzalez Dominguez
and R. Scarfiella, [8]).
2
(r) 1 (r) B (r!) (2z+1) .
5 .(;J = - SGrr T .S , (B. Fisher, [B1]).
[s? - L cl)z] =L ., (3. mikusinski, [15])
2 "'x T2 YW . ’ :
T b

(r) 2 2 (2r+1)
(& Y e —"

(2r + 1)!.ﬂ2 x

(5.E, Trione, [19]).

These formulas and several others due to B. Fisher ({4], [5], [6], [7]) have been

generalized to higher demensions by S.E. Trione ([19]).

1.22
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PART II

THE PRODUCT x, .x

A u
+' 7

1. INTRODUCTION. Let u,v € D'(R"). We say that the product u.v exists if for

each ¢ € C:(Rn) and each sequence {Sn} the limit

n=1 ,2,.«.

w(®) = 1in [ (U* S ). (v * 5)()00y) o

n > o

exists. {Sn} is an arbitrary sequence of functions of C:(Rn) with the

n::1 ,2,..-

following properties:
i) Sn 20 for all n,

(1) ii) f S, =1 for all n,
iii) supp. S, *0if n >«
It is clear that Sn + 5 in the distributional sense if n + «. Here 5(¢) = ¢(0)

for all ¢ € C:(Rn).

The mentioned limit does not depend on the sequence {Sn} and defines a

N=1425...
distribution v € D'(R").
More generally, consider a family u; € D'(Rn), i=1, ¢eoy m, Assume P is a

polynomial in m variables. We say that a distribution w € D'(Rn) is equal to
Plugseeesu) if

w(®) = 1im [Py % S0 seens (o, * S )(1))-00y) 0y
n + o

for every function ¢ € CZ(R”) and for every sequence {Sn}

(1).

Notice that the existence of P(u1,...,um) does not'imply the existence of

n=1,2500s with properties

0(u1,...,um) for any monomial Q that appears in the polynomial.
We shall use the following notation

P((uy * S )(y)s vov s (up * 5 )(y)) = ((Plugseensu )) * 5 )(y).
We restrict ourselves to work in R1 and with special aistributions: the *

seudofunctions.

0 v
We recall their definition (here ¢ € CD(R1) and ¢{x) = $(-x))s

I1.1
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+oo
i)’ '<x¢,¢> = J §A.¢(x) dx, if Re 3 > -1,
0

«(x )(1)

ii) ,¢> = A.<x ,¢>, if A 20, =15 vee

(1D | 111) o«

= - T§+%fTYT J+“ log «{x|. ¢ (x) dx + %u_l~_7_ ( Z k 1)(¢)
. "o

ifFk =1y 2y vae &

: v
iv) <xi,¢> = <x},¢>, for all x e C.

The aim of. this part of the monograph is to decide for each pair 2oy e Gy whether
the product '

)(A.XLl
A

‘exists or not. Moreover, for certain pairs ),pu for which the product does not
exist we show that xA E E.xf or xA “ E.x§ exists. This is the content of

theorem 6 which also includes theorems 3y 4, 5.
Next theorem 1, and lemmas 1, 2, 3, are of an auxiliary nature.
The following result will be used in the future.

THEOREM O (8. Fisher). Let f,q ¢ D'(R') Le such that: £ %) 44 a L (R")

psloc

Lunction, G g L + % =1,

o=

1 (r) _
gsloc (R7), G =g, 1 = psqy ?m,

Then the product f.q exists and

fg= 1 (O).(nh e,
i=0

PROCF. If f,g,C are as stated then the following identity holds ({Sn}n—1 9
3 =lecsees

as in- (I)):

(f * Sn)(Y).(g * Sn)(y) = f '(F)-(-1)i,[(G * Sn)(y)_(f(i) * Sn)(y)](r—i).

i=o0 1

Besides we have F(l) e L (R1) for 1 <igr.

psloc
If we show that

G * s ). (FB) x5 )(y) 6.6, if s
holds in-the sense of distributions, the theorem will- follow.

Here G.f(l) is the ordinary product, which is defined since G € L (R1) and

g.loc

f(l) € Lp loc (R1). We may assume without loss of generality that G and f are of
’

compact support.

We have

I1.2
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166 % 5)00). (¢ % 5 y(y) - 6.rlB)y

s16 * s )LD % 5 )00 - e+ LG * ) - s 1.r Py,

and from this, using Holder's inequality and Lebesgue's theorem, we get

16 * s ).t % s () - esB > 0 ir s, GeD.
©, 1 N .
If ¢ e CD(R )s ¢ is its Fourier transform:

$(x) = J 6(t).e 1 gt
and 3 its inverse Fourier transform:
300 = @01 o(e).et T gt
Besides g(x) := ¢(-x). I'(.) and B(.,.) will denote the Gamma and the Beta function

respectively.

Notice that if the product of two distributions u,v € D'(R1) exists then the

derivate of the product also exists in the sense given before

1)y _ (1) (1)

(u.v) =u w4 U,
Also by reasons of simmetry we have that: xi.xg exists if and only if x&.xé
exists.
Because of this, if xi.xH + xﬁ.x_ does not exist or Xi'XH - xﬁ.x_ does not exist,

then xi.xg does not exist.

2. LIMITS OF CERFTAIN INTEGRALS.

THEOREM 1. Lot p(x) & C2(R') and such that

<) pz0,

i) supp. p & [-1/2,1/2],
J/LL) IQ =1,

R \"

) P =P

and fel Bn be a sequence of positive neal numbens such that 1 s 81, Sn < Bn+1
fon each n and 1lim B, = +o.

n -+ o

Detine Sn(x) as Bn.p(sn.x) = Sn(x) Zon each n.

Then if my ky Oy Y = 0y 15 2, 4se » =1 < Re B and {5}

N N=1y29e4s 4 @ dequence

I1.3
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as descnibed above, then

I[ 109 |s - t].|s - t|B.(s - t)Y.sém)(t).sﬁk)(s) ds dt

a) lim
n - o B::H'k—B-Y.lOga 8

n

= ('1)m+a'J lulBuY. (o * (™)) au.

fJ 10g% |s - t].s - t]8.(s - £)Y.t.5™ (). (s) as at
) lim 4 e n n -
n o B Y ,loga Bn

n

m+y
- ) 22: — 18)- o L I B (o * )My au,

c) if besides a 2T and m + k > y then
JJ 1og% |s - t].(s - t)Y.Sﬁm)(t).Sék)(s) ds dt

m+k -y a-1
Bn .log Bn

lim
n o

= (_1)m+a+1_a.J log |u].uY.(p * p)(m+k)(u) du.
d) £ az1andm+k >y + 1 then

ff log® |s - t].(s - t)Y.t.Sém)(t).S(k)(s) ds dt
lim a =
n -+ o

K=y - _
BﬂH— Y 1.109“ 1 8

n n

= (—1)m+a.=% .(x-if$—f—$—:—&).J log |U|.UY+1.(p * p)(m+k)(u) du.

PROOF. If ¢ € cg(R1) then

//\
/\
(t0™ (1) * 6%V = (o™ (e) * o)) () =
//,/’fffjfttifié“\\\\ =
= (£.0™ (£)().6%) (1) () (x) = i™*1 (K. 505). (s () M) () =
e
m+k

. _im+k-1.(m.sk+m-1'$2(s) N §§__ _(52(5))(1))(x) -
- Py
=m0 ) B G0 - e Lo % o)) W) M)

= -m.(¢* d))(kﬁn—'])(x) +12_ L(x (6 *¢)(X))(m+k) -

IT.4
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Sleom) g x g (emt)y L oxe(p * ) (™),

So we have

(1) (oM (e) * 60d(e)) ) = Lesmd (g gylkeme1) gy X.(6 % 0)(MK)(y),

Now let_us consider case a). With a linear change of variables (s' = Bﬁ.s,

t! = Bn't) we get

JJ log® |s - t].]s - tIB.(s - t)Y.Sém)(t).Sﬁk)(s) ds dt =

= 32+k'B'Y.JJ log®

Then

St et - e Ber - YoM e 00 (a1 aer gt
-

IJ log® s - t].]s - £%.(s - £)V.5{M(e) 50K (s) 0 ot

m+k-B-y
Bn log Bn

1im
n > w

- (-1)“.jj Is - £1B.(s - )0 (1) .0 (s) ds at =

= (_1)a+m.J |u|6.uY.(p * p)(m+k)(u) du

and this proves case a).

For case b), after making the same change of variables we get

JJ 10g% [s - t].]s - t|B.(s - t)Y.t.Sém)(t).Sék)(s) ds dt =

st -t

5 ' st - t’[B.(s' - t')Y.t'.o(m)(t').p(k)(s') ds' dt',
n

- Bm+k—B—Y-1'JJ log®

Then

JJ log® |s - t].]s - t|B.(s - t)Y.t.Sém)(t).Sgk)(s) ds dt
L = lim

Bm+k-8—y-1 loga 8

n -+ © .
n n

- (-1)“.[] Is - t]B.(s - )Yt (2).0) () gs gt =
= 0% el * 0™ (2))(5).00)(s) s =
= (-1)m+k+Y.I |u|3¢fﬁ(t.p(m)(t) * p(k)(t))(u) du.

II.5
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And utilizing (1) we obtain
L= [P (s o o) B ) 1 8o % 0) )] au,

If k +m+ Y is even then L = 0.
If Kk +m + Y is odd, integrating by parts the integral in the first term,
(notice that m + @ = a + k + Y + 1 + 2) we obtain

(_1)m+a

L= oz =By =1 [ oo % 0™ (w) au.

Since the integrand.is an odd or even function according as Y+ m + k + 1 is an
odd or even number the last equality holds in any case, and b) follows.
Consider the case c). We obtain as before

JJ 10g% Is - t].(s - t)Y.Sﬁm)(t).Sgk)(s) ds dt =
o _mik- o s!' - t!
=B, Y.JJ log® ———E;——

Since @ 21 and Y <m + k we have

(st = 1) o™ ey ol (g1) st gt

Jj(s' - t')Y.p(m)(t').p(k)(S') ds' dt' = 0

and it follows that

JJ log® |s - t].(s - t)Y.sﬁm)(t).sﬁk)(s) ds dt

lim
n -+ o 32+k—Y-109

-1
Bn

= a.(-1)“'1.JJ 10g |s - t].(s - £)Y.0{™(£).0™)(s) ds at =

= a_(_1)a+m+1‘J log |u|.uY°(p * p)(m+k)(u) du.

Consider the case d). We obtain as before
IJ log%|s - t].(s - t)Y.t.ng)(t).Sﬁk)(s) ds dt =

s! - t!

B

_ Bm+k-Y'-1.” log®
n

m (st - ) e o™ ey o) (s1) gst atr.

Then since a 21 andm+ k >y + 1 we get:

Jj(s' - t')Y.t'.p(m)(t').p(k)(s') ds' dt' = 0

and it follows that

II.6
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([ 108 s - t] (s - t)Y.t.SrEm)(t).Sf]k)(s) ds dt

M= lim T
n

N o B

.loga-1 8

n
= (-1 a“ log |s - t[.(s - ).t ™ (20" (s) ds ot -
= (1)t .Q.J log [ul.uY.(t.p™(t) * o0V (£)) () au = .

but using (1) we obtain that it is equal to

= (-1 )“’Lkw_1 .a.J log |u|,uY.[“<—£—'TL)- p * p)(m+k_1)(U) +'L2"' (p * p)(m*)(u)] du.

Integrating by parts the first integral and adding it to the second one, we get

Y+1 Y+1
(observe that log |x].xY = g;'(%;—;—fy -log |x| - ( a 1)2))’
Y +

(_1)a+k+Y-1 a (m-k+y+1)

M= 5 . G+ 1) .J log |u|.uY+1.(p * p)(m+k)(u) du.

The integrand is odd if Y + 1 + m + k is odd, thus we get

M= (—1)a+m. %-. (m -(5 : ¥)+ 1) .J log |u|.uY+1.(p'* D)(m+k)(u) du, QED.

The integrals that appear in the righthand sides of the formulae a) - d) are
different from zero for particular functions p. To_show this we prove the following
lemma.

LEMMA 1. @) IZ my Ky Y =0, 15 2, wuey Y + M + k 44 even, -1 < Re B and

(B =0,1, 2y «oe $B+Y2m+k) or (B not a positive integen on zero) or
v
(8 is odd, B +y <'m + k) then there exists peCR), p 20, p=p [p=1s

supp p € [-1/2,1/2] such that
J |u|B.uY.(p * p)(m+k)(u) du = O.

L) Ifmy ks Y =0, 1, 2, evo and Y + m + k 48 an even numbern then thene exists
P as 4in a) such that

Y. (px p)lmk)

J log |u

(u) du =0.

PRODF ;. The proof is immediate for case a) if B = 0y 15, 25 eees B +Y 2 m + k..
If B is odd, B + Y < m + k then

4!

[0 o o)™ (L) au = 2. OB (o % ) (™) () au -

0

= 2.(-1)B% (g + y)!-f;"” (p * p)("‘”“é‘Y)(u) du =

“{1.7
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= 2.(-1 )B+Y+1 -(B + Y)!.(p * p)(ITH’k-B-Y-‘] )(D)

and sincem+ k - B - vy - 1 is even, we have

(o * p)(Mk-B=Y-1) gy » g,

Suppose B is neither a positive integer nor zero. Then
3 +oo
[ 161566 % ™) 00 = 2.[ Yo x )™ (0 au -
' 0
= 2.(-1)m+k.<(XI+B)(m+k),(p *0)>.

Proceeding in an analogous way in case b), we get

J log ju

W(p * p)(m+k)(U) du = 2-J+wlog luf.uY.(p * o)(m+k)(u) du =
0

= 2.(-1)™*.<(10g IXI»xY)£m+k).(o *p)>.
In the last expression appears the (m+k)-th derivate of the following distribution

log |x XY if x > 0,

(log |x]|. Y)+ 2=
0 if x £ 0.

Let 0 <r <1, We can choose € , 0 < € < r, such that there exists a sequence of

even functions Sn with the following properties:

1) S, z 0 for all n,

2) J S, =1 for all n,
3) supp S, € [-ese] for all n,

4) supp S, * 0 if n > o,

We define

An(x) : [Sn(x) + Sn(x+r) + Sn(x—r)].1/3.

Then

1) A, 2z 0 for all n,

2) J A, =1 for all n,

3) supp. A < [-1/2,1/2] for all n,
4) A, is even.

Now

[3.(8, * 8,)(x) - (5, * 5 )(x)] =

I1.8
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NN

'[(Sn * Sn)(x+r) + (Sn * Sn)(x—f)] +~% '[(Sn * Sn)(x+2r) + (Sn * Sn)(x-2r)].
Since (Sn * Sn)(x) +5) if n >, we have

Lim [3.(8, * 4)(x) - (5 * 5 )(x)] = + 5

n -+ o

1
3 +Sor
in the sense of distributions.

Also [3.(Arl * An)(x) - (Sn * Sn)(x)] has support in {(-=,-r/2) U (r/2,+*)} if

€ < I, gsmall enough.
We define in an analogous way
S

S
[501) + 8, (x) + Fx-1)].1/2.

A _(x) 2

n

We also have

1) Z; z 0 for all n,
2) J A =1 for all n,

3) supp. Z;.Ei['1/2’1/2] for all n,

4) A, is even,

And

Lin [8.(3) % 8)(x) - 3.(8 %5 )(x)] = .5, + 2.5 +2.5_+ 1.5

N > o

N~

2r’
Besides

supp. [8.(a * A )(x) -3.(5 * 5 )(x)] & {(-=-1/2) U (/2,4 }
if ¢ is small enough, ¢ < r.

The distributions (xI+B)(m+k) and (log |x|.xY)£m+k) are continuous functions in

1
R \{0}.
Then, in general, if f(x) is continuous in R1\{D}, f(x) = 0 for x < 0, we get

Lin <f,3(4, % 8) - (5, %5 )> = 2 [f(x).2 + F(2.0)],

N < o
Lim <F,8.(F ¥ 3)) - 3.5 * 5 )> = [f(r).2 + %-.f(Z.r)].

Then if we can choose r > 0, small enough, such that f(2.r) # 0, then
[f(r).2 + f(r.2)] and [f(r).2 + %-.f(r.Z)] cannot vanish simultaneously, Therefore,

there exists n, such that <f,(An * An » # 0 or <f,(8n * 5, Y %0 or
[a] s} s} o] .

.G *E P o
(8] 0

Our lemma follows from this observation. QED.
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3. SOME AUXILIARY FORMULAE.

THEOREM 2. I£ S € C:(R1), S, % 0s ) S, =1 and supp. S, S {-1/2,1/2] then

e -r _-m m+T+1  -m _-T 1
a) I (D e+ (-1) XWX * s, (y).y ly) dy =

- 00

-1
- 1(;1,22 — [” F(5,).5™M(£).5{7)(s) 0s ot +

+ (321 3 ” log |s - tg.sgr)(t).sgm“1)(s).sl.l,,(s) ds dt -

- <JZ1 D[] 109 15 - €5 (00,577 (5).5"4s) s o]

where m and T are positive integens, 1 i a nonnegative integen, (y) € Co (R )
and

s
f(s,t) 3= J log |y - t]|.log |s - y|.yl.‘1’(y) dy.
t

¢) JmﬂxA e GO TR * 5 ) () ) dy =

= T (L O re - sihs (£).5% (). u(s) ds ot +
J:

o (= ey [[ Fee) 8 (s).8 (1) s e
£ Re x> -1, k is a positive integen, 1 is8 a nonnegative Antegen, V(y)e C‘:(R1)
and

S A 1
f(s,t) := J ly - t]*.1og |s - yl.y . 0(y) dy.
t

+00
c) [ O™ s G x5 )y o =

k-1
= Tk :11))1 r{éi&) -” f(S,t).SS‘m)(s).Sr(lk)(t) ds dt +

k-1 k-1
+ el (1 [ 1s - £179.5M (e).sK(s).st.u(s) os ot
J:

fon 1,m nonnegative integens, k a positive .integer, 02 Reg< 1, q# 0,
o) & C(R") and

IT.10
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s =y %ytauly) dy.

s
f(s,t) := J log |y - t
: t
d)

e 1
d1) [T % s )y ty) gy =

~ T{(p+r).T'{g+m) °

1 . .
I (%).J_1 (It s - ¢ Pt (s,6).5(M () ge).ths{F(e) ek

o -L-p _-m- +r - -m- 1
d2) jm (BGTPoC™ 4 ()™ TP PoC™9] % 5 ) (y)ytouly) dy =

- (-1)E.Ir(p).T

) ¥ 1 1-p-q 1-i i1
p+r) . I{g+m 'izo(i)°JJ|5 - t] P (s,t).sﬁm)(s).sgr)(t) ds dt

ispsq
in both eases, ly,xym =0, 1, 2, oos3 0 S Rep<1,p=0,0<Reqg<1,qg =0,

o(y) € Co(R') and

1 .
K pqlset) &= Io VP - )t (s-t) ) du.

e [ O0Eacma e (P s )y ) gy -

- TT§§%% .JJf(s,t).ng)(s).Sn(t) ds dt

for Lmr =0, 1,2, ... 0SReq <1, q20, by) € Co(R') and

£( 1= JS t .yt
s,t) = . (y - t)".|s - y| oy .wly) dy.

PROOF. We recall that if ¢ € c:(R1) then

*® k-1 k=1
l) <x;k,¢> = - ” 1_ 71 .JD log |x|.¢(k)(x) ax + (':1- 7T .(j£1 %)-Sgk-1)(¢)

ifk = 1’ 2, ooo...

A o
ii) <X 00> = J x" b (x) dx, if Re A > -1.
o .
s -r-p _ T -p (1)
iii) x> = T?éE%T <X >

if O

A

Rep<1,p=#0andr=0,1, 2, v.. .
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v
iv) <xi,¢> = <x},¢> for each X € C.

Let k be a pbsitive integer, then
-k -k
(" * 8 )y) = <x7»S_(y-xp> =
1 J+m Bk‘
- . log |x|&(s (y - x)) dx +

. + 00 A _q1 k-1 k-1 -
- TE—%—TTT .(-1)k.JO log |x|.5£k)(y - x) dx + (k1z 77T .(j£1 %).Sék 1)(y) =

B LY
= k1z 77 -J log |y - t|.5] k) (t) dt + Z"“TTT' A z (k 1)(y).
Therefore
(1) (K * s )(y) =
k=1 0y k-l k-1
= &12 )1 'J log |y - t]. S ) (t) dt + (k1z VT . ¥ %0.5§k—1)(y).
: -1 ' 21
Also
(X:k * Sn)(Y) = <x:k,8n(y - X)) = <x;k,5n(y + X)> =
oo K k=T k=1

= - TE_%—TTT .Jg log le'ftﬁ'(sn(Y+X)) dx + %ﬁl%—TyT .(j£1 %).sék‘1)(sn(y+x)) =

oo k-1
= - TE_%_TT! .JD log|xI.S£k)(y+x) dx + 7 1 7 .(.Z 1 Sﬁk 1)(Y) =
=1
+o k=1 '
= - TE—%—TTT .J log |s - y|.5£k)(s) ds +-G:;}—T7T .(.Z1 %J-Sﬁk-1)(y).
y J=
Therefore
(2) (K% s )(y) =

1
1 J (k) (k-1)
= - .| log |s - y|.5  /(s) ds + .S .
W g s - yl.s, (k_”. (JZ1 J) 5 (y)
let r =0, 1, 2y.e.5 0 SRe p <1, p %20, then proceeding in the samé way, we
obtain

400 T
(x;r—p * 5 )(y) = <x;r_p,5n(y—x)> = ‘T%é%%f—w 'Jé xP. %:;(Sn(y-x)) dx =

I1.12
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T +% y
= L:%%Bigggl 'ID x_p.Sﬁr)(y-x) dx = X:%%;i£§91 .I_m (y - t)-p.Sﬁr)(t) dt.

Therefore

(3) (x TP *s)(y) = '1);;5( ) .Iy1 (y - ©)P.5F(e) ot

Also, if m =0, 1, 2, vvey g #0, 0 £ Reg<1, then

(x™9 * S,)(y) = <x:m'q,5n(y-><)> = <x;m'q,5n(y+><)> =

40 +
t am

- ks [ 92 (s () ox = e J#” 9,5 (yax) dx =
- Ig+m .JU 'axm n'Y - TTG%ET * g X ey VY X =
400
= T%é%%y .Jy (s - y)_q.Sém)(s) ds.

Therefore
1

(4) (™9 x5 )(y) = el .Jy (s - y)79.5M(s) as.
Finally, if Re A > -1

+ o y
(5) (X %5 )(y) = jo x\5_(y-x) ox = j_1 (y - )hs (£) dt
and also
(6) (x* s)(y) = <x3‘.5n(y-><)> = <xi‘,5n(y+><)> =

A 1 A
= J x".5 (y+x) dx = J (s - y)*.5 (s) ds.
n n
0 y
Let us consider the case a). From formulaes (1) and (2) and from the fact that

supp.([x;r.x:m] * Sn)(y) < [-1,1], we get for rym = 1, 2, ... that

e -r _~-m 1
J 0T s )t y) o -

1 r-1 y r-1 r-1
(-1 ) %-1) 1 -1
= J_1 [ — T .1-1 log |y - tl.sﬁr (t) dt + — 77 .(j§1 So,sgr )(y)].

{- L J1log |s - y] S(m)(s
L (R DY y Yieon

T 1 y 1
= T;g%}%TE:TTT .J_1[J_1log |y-t|.5£r)(t) dt].[J log Is—yl.Sém)(s) ds].yl.w(y) dy +

Y

m-1
) s+ g - 15!'(.].51 13“-)°5,£m-1)(y)].yl.w(y) dy =

)1 m=1 4
+ i O J5>J_1[K1mg|y - 15T e) aelsm D (y) L by) gy

IT1.13
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: T r-1 1 1
+ T;é%%%TE:TTT .(j§1 %J.J [Jylog|s—y|.5£m)(s) ds].Sﬁr-1)(y).yl.w(y) dy +

r-1 m-1 q]
W (T DT D [ s mt ) oy -

j=1 J j=1 J

If in the first integral, we integrate first in y, then in s and finally in t,
it follows that

1 1 s ’
(7) = T;:éi%%;:TTT .J 1(Jt(Jtlogly-tLlog‘s—y|.yl.w(y)dy).Sr()m)(s)ds).sr(,‘r)(t) dt +

r-1 m-1 1 y ;

s bt (T pontott o0 40,800 ) o
T r-1 1 1

ettt (L P seslsrl sV 00T 0y o 4

r-1 1
+ T (z H.(T P R R O

J=1 J
Set
S 1
ﬂsﬁ)::Jthw U-—thg|s‘-yLy.¢U)dy

then f(s,t) = - f{t,s). The first integral in (7) can be uritten as follous.

v (m) (r)
(8) J (j F(s,).5™ (s) ds).5' (k) ot =

I n n

s X|

{ t
- 1. (.05 (0) 0t).5{M () 0 = [ ([ (t,9).5{)(a) ce).5{Me) ot =

1t
- -L (I-1 f(s,t).s'(f)(s) ds).Sr(‘m)(t) dt

Finally, using formuta (7) we get

+oo -T _-m m+r+l _-m _-T 1
J_w ([x"ex_" + (1) xex 0] %8 ) (y)yTeyly) dy =

1 \T 1 1
- = SN F(s,£).5M(s) ds).5¢T) (k) at +

r-1 m-1

(-1 1 ) -1 1
B s 1 (e DY (j; 3).1_1(J:109|s - t|.Sr(]r (t) dt).,S'gm Ms).stoyls) ds +

(-1)*F U AL (m), (z-1) 14y 41
T (jz1 3°'I_1(It log|s - t].5"™(s) ds).52""/ (£).tt.u(t) ot +

I1.14
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r-1 m-1 r-1 1
1 1 (r-1) (m-1) 1
e -(152(m BEDN (321 J (1 _-)I 1 Snr (Y)'Snm (y)ey™wuly) dy +

+T+1 1 1
R CDACP i .j”1 (Jt F(s,t).5 7 (s) 0s).5{M(e) ot +

-1 )m-1 . (_1 )(m+r+1 -1 1 1 S ) ( -1 ) 1
e (1 3).j_1(J Logls - t].s™ ) at).s{7 ) (s) st uy(s) s

+T+1 m-1 1 1
¥ §m12m1§,}zm_r1j, .( Z %).I (Jtlogls - £].58(s) ds)os™ ) (1) b y(t) at +

( 1) m-1 ( 1)m+r+1 -

1 1, (1 alm-1) (r-1),.y .1
M R D Y e (321‘3 (321 3 J 1Sn (y)es." 7 2 (y) ey wwly) dy.

We group the integrals together: the first with the fifth, the second with the
seventh, the third with the sixth and the fourth with the eighth. Using formula
(8) in the first with the fifth case a) follous.

Let us consider the case b). With formulae (1) and (6) and from the fact that

SUpP. ([x;k.x}] * Sn)(y) S [-1,1] we have, for Re A > -1, k = 15, 2, ...,

400
() [0t % st o =

1 k-1
(j (s - A (s) ds). (1 loyy Jy log |y - t[.s)(e) ot +

-1 y
k-1 k-1
I S (1 Pt o -

k-1 1 1 ¢s Y

-1 1 (k)
=,zé‘:lTyr -f_1(jt(ft logly - t]|.{s - y) .y ww(y) dy).S (s) ds).5:’(t) ot +

O A Ty (k1) () .y

M CE R 321'3 J y J t - y) .5 (t) dt).s 7 (y)y ly) dy.

Yy

Using formula (2) and (5) and with the same hypothesis for )\ and k, we-get

+co
(10) [T s ) ) oy =

1
log |s - y|.5£k)(s) ds +

=ﬂﬁﬁﬁy-t> 58 961 ety o
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k-1
+ TE—%'TTT -(_Z1 %Josgk_1)(y)).yl.w(y) dy =
J:

1 1 s
S]] 6 - 00 hass 1s - ylytat dy).50V(s) ds).5_ (t) ot +

1
+ T z o8| 1<jy1(y - vhis (6) )5 N )y tuty) oy

Then, using formulae (10) and (9) and the following equality

1 1
[ 1oty - tlets - Pt o) 5 () @958 w) ot =
17t ¢t

1 s (s
AL (k)
- | 1([ 100 1y = s - ) 0951 (6) 085 (o) os =

1t .
- J (J 1([ log |y - s|.(t - y)ytauly) dy) .5t (s) ds).s (t) dt
-1 7s

we get

+oo
[T MG oAT % s )y uty) o =
S
(J (y - ) 10g]s - y|.ytaply) dy).sﬁk)(s) ds).S_(t) dt +
t it
1
Loy L P 6 - 0N s e+

jslogly - t].(s - O ytaly) dy).s Lis) ds). S(k)(t) dt +

:
+ TE_:_TTT .J-1(Jt( t
1 1
N BN ) [ (-t e a5 Vi aty) o =
y

j=1 9

k-1
= Tx 1 Y '(,21 %J°JJ ly - tIA 5 (t) S(k 1)(Y).yl.w(y) dy dt +
J:

S
- ?E"%"TTT .IJ (Jt|y - t|A.log|s - y|.yl.¢(y) dy).Sﬁk)(s),Sn(t) ds dt

and from this b) follous.

Case c). From formulae (1), (2), (3) and (4), with k =1, 2, e, m =0, 15 2, ...

0 sReqg<1, g=0, we get:

) [ G e R x5 () ) o =
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1y )
-k Aty [ - o s

1
A (s - 7siMis) aslyhiuty) oy
y

Ak=1 k 1 41
A Ly sy LY e - sV esls it oy +
) L

(-1)¥ g -q o(m)
T Hagy o[ - s ) e,

1 |
(] 109 15 - y].50)(s) aslytuty) vy 4
y

k-1 - k=1 1
+ 'E_Y-ljz 7T .(J_ 1) q+mT I [I:(y - t)'q.sr(‘"’)(t) dt].Sr(‘k'”(y)-yl-w(y) dy =
i

k-1 1 1 s

= %%ﬁ{é% -L(Jt(h logly - t[.(s - y) ™ %ytauly) dy).Sr(:“)(s) ds).Sr(lk)(t) dt +
k 1 s s

* z%ﬁ%ﬁﬁy -I_ﬁf 1(Jt109|5 -yl - £ %y () dy). s,g"‘)(t) dt).S'gk)(s) ds +

(=)%'.r(q kT -q o(m)yyy alk=1),y 1
v pelpetials 29y - %5 (1).50 D () v Laply) oy ot

Now
j (JS (jslog|s -yl Oy - 8 @)™ ) ae).50)(s) as =
e :

ot ot
= [ et - 1 - () dy).5™ (s) ds).s(¢) e
- - S .

Then case c) follows immediately from formula (11) and the last equality.

Case d). From formulae (3) and (4) we have

e _r-p _-m-q % 1
(12) ”zLJ“+ K9 %5 ) (y) eyt fy) dy =
_\T 1 y _ 1 - m
gcorico s AL . ff (o - ) %.5{M(s) aslyhyly) o -

by 1 1 ¢s
= %%% .J_1(Jt(Jt(y - 97Pus - ) 0yhy) ay).s™(s) ds).s(F) ()t

Since 1 2 s > t 2 -1, we have
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(13) Ii (v - £)P.(s - y) %y uly) dy =
1

=J (s - t)PwP.o(s - £) 901 - v) 9. (s +_(1—v).f)l.w(t+(s-t).q).(s -t)dv =
0

1 .
= (s-t)PA T (hysli el

27K (s,t).
=0 1 e

A 1 . .
where Ki (s,t) := J vl-l'p.(1 - Yt + (s - t)ov) dv.
1,P,Q o

Then by formula (12) we get d1):

DET(Q).I(p) & 1
(14) H = §r(g+m) T iZD ;).

1 1

1

Observe that Ki 1

o(set) = (t,s) and that KX (s,t) € C(R?).
- 1,P,Q

l -i.q,p
Now

|s - ¢ Pt pyqsrt): 5™ (s) as).tt.5{) eyt -
£

.4,
= J] (JS‘I - g 1mPad il (s,t).Sgr)(t) dt).sl_i.ng)(s) ds =
L4

-1 7 R
vt -p-q i 1 (r) 1-i «(m)
= 1( |s t| 7Ky o, q(t,s).sn (s) ds).t .S, (t) ot
vort -p-a i L (r) 1-i g(m)
- I_1(J_1gs -t} K)_i,q,p(s78)-8.7 () ds).t s\ (t) ot
Then formula (14) is equal to
T 1
(15) 2 .Ia).Ip) 5 (1
I'(g+m).T(p+r 1=0 i
" Is -t POt L (s,0).57)(s) as).ttEsM(t) gt =
¢ -1 42 1-i,g,p'~2""*"n - : *“n =
(=) .r(q).r % 4

Yt 1-p-q_1-§ 1 (r) 3 g(m)
.I-1(J-1|s - t] .s 'Kj,q,p(s’t)'sn (s) gs).t -5 (t) dt.
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Therefore case d2) follows adding formula (14) and formula (15) mUltipliéd by (_1)m+r

after interchanging m and r, p and gq. -
Case e). Suppose £ = 0, 1, 25 .... From formulae (4) and (5) we have

(16) [ (OEa™91 5 )05 0ty gy =

Y rig) ' -a_g(m) 1
- J(I_1(y - )78 (6) at). (rdy .Jy(s - 9slm(s) as).ytauly) gy -

_ ng%%y.j11<j1<ji<y LS

and also from formulae (3) and (B) it follows that

s - yl'q-yl-w(y) dy).Sﬁm)(s) ds).S (t) dt

(17) J([x'm'q-xr] * Sn)(y)-yl-w(y) dy =

+ -

m 1

y
e D AR G|
m 1 1
= (_})q;nl:( XL(L(J?IV - t]7%(s - VI ytaly) dy).s_(s) dS).Sf,m)(t) dt
ENA IR
~ " T(g+m .J 1(J 1

(_1 )m+r+1 .1-.( ) 1
- F(g+m J

(s - y)T.5.(s) ds).y wuly) oy =
4

(JSIY T R CRILRERTC dy)-Sr(]m)(t) dt).s _(s) ds =
t

t
4 <ji|y -5y - BTy haly) ay).s ™ (s) as)s () ot

Combining formulae (16) and (17) we get case e). QED.

4. POLYNOMIALS THAT DO NOT DEFINE A DISTRIBUTION WHEN THEY ARE CALCULATED OVER
CERTAIN PSEUDOFUNCTIONS. We will show the nonexistence of the product
xi.xy for certain values of A and p. This will be done in a stronger version.

This section will be completed in §6.

THEOREM 3.
a) al) x;r.x:m + (_1)r+m+1.x;m'x:r does not exist if msT are positive
integens, M # T.
@) x-r.x:r does not exist if T is a positive integen,

+

- -k
4) xi‘.x_k + (—1)k+1.x+ XY does not exist if k =1y 2, cuuy Re A > =T,

(k odd and -1 2 Re (A-k)) o (k even and -2 z Re (\-k)).

XK doos not exist il K =1y 2y ceism =0, 1y 25 eees

e) xJCxT™ A g (q)™HH om-a

+
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0z<Reg<1, g=0. '

d) dl) xF P+ ()™ TP does not exist if Tom =0, 1, 2, ...,

0 csRep<1,pz0,0sReqc1,g=z0,1-p-qg=z0, (r+meven and
-1 2z Re (-m-g-t-p)) o2 (T + m odd and -2 2 Re (-m-g-r-p) ).

d2) xi—p.x:m-q + (—1)m_r.x:_m_q.xf-p does not exist if 0 <Rep <1, p =0,

0 sReg<l1,q =0, tem=0, 1, 2y vees 1 - p=-qg =20, (M - T even and
-1 2z Re (-m-gq#rp) ) o2 (M - T odd and -2 z Re (-m-q+T-p)).

x4

m-q + (_1 )m+1‘+1 A

e) xi.x: .xf does not exist £ 0 sReqg <1, q z0;

Tym =0, 14 25, vues -1 2z Re (r-m-q).

PROCF. We prove the theorem exhibiting a sequence {S_}

nln=1,2,... with the properties

mentioned in theorem 1 and such that

RN A
lim j ([x+.xH + XE.X_] * s )y) oy

n >

does not exist or

oo A M u oA
Lim jd” (Do = BoA) %5 )(y) .y dy.

n -+ o«

does not exist.

This proves that xz.xg + xr.x} - xB.x_ does not exist since the supports

of the functions ([xi.xe * xE.xA] * Sn)(y) are contained in [-g,e].

We shall need some auxiliary formulae. Puttingy - t = (5 - t).v we have that
(s -y) =1(s-1t).(1 - v) and therefore

s
(1) Jt log |y - t]|.log |s - y|.y dy =

1
= j (log v + log|s - t]|).(log(1 - v) + logls - t]).((s - t)ov + t).(s - t) dv =
0

1 1

= (s - t)Z.J v.log v.log(1 - v) dv + t.(s - t).J log v.log(1 - v) dv -
u}

0
- log |s - t|.(s - £)° - 2.10g |s - t|.t.(s - t) +

+% (s - £)%.l0g% |s - t| + tu(s - t).log? |s - t|.

Also by the same change of variables we get

s
(2) J log |y - t{.log |s - y| dy =
t

I1I.20
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1
=J (log v + log |s - t]).(log (1 - v) + log |s = t|)e(s - t) dv =
D 1

1
= (s - tLJ log v.log (1 - v) dv - 2(s - t).log |s - t] + h@2|s - t].(s - t).
0

If AeC and Re X >-1, we get in the same fashion

° A
(3) J ly - t|".1og |s - y|.y dy =
t

1
- j Is - t]* v . (log |s - t] + log (1 = u))e((s = t)ov + t)uls - t) dv =
0

A
A 2 1 1
= ,s—tl .(S—t)‘.logls—tl.m+ |S-t| .(S—t).t.logls-tl.m+

1 1

+ s - tl)‘.(s - t)z.J M l0g(1 - ) du + |s - tl}‘.(s - t).t.J V.10g(1 - v) dv.
0 0

Finally for the same values of X\ we get

(4) JS ly - t[*log |s - y| dy =
t

1
= J Is - t]*v*.(1og |s - | + log (1 - v)).(s - t) dv =
0

1
= - D - 1 - _tlA A
= (s -t).]s - t]N1log|s - t]|. Gyt (s - t).|s - t| .JU vi.log (1 - v) dv.

Ifr=0,1,2, ... and D sRe g <1, g =0 we have

S r
(5) Jt (y = t).s - y| .y dy =

]
- j (s = £)Fovmu]s - £]7%(1 = v)™ % ((s - t)ev + t)u(s - t) dv =
0

= (s - )™ )s - £|79.B(r+42,1-0) + t.(s - £)%*1.[s - t] 79.8(x+1,1-q)

and also (same values for r and q):

S
(6) jt (v - )]s - y|™® gy =

1
=J (s - ) S uls - £] 701 - ) 9(s - t) oy =
0]

= (s - t)r+1.[s - tl_q.B(r+‘I,1-q).

Consider case al)
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If r + m is odd, take a sequence {Sn}n_1 2 as in theorem 1. We have by theorem
Z19lypene
2 a), theorem 1 a), c) and formula (2) that

+w
O N P s RO

(7) 1im -
B™T-Y 1098
n n

R T 'J 1og lul.u.(o * 0) (™) () au.

Verifying that [ log |ul.u.(p * D)(m+r)(u) du # 0 for some P (this by lemma 1 b))

we get case al) for m + r odd., This will be, as we sald, our pattern of proof.

Ifr#m, T +m is even, take again a sequence {Sn}n—1 2 as in theorem 1. We
=1525400

get by theorem 2 a), theorem 1 c), d) ahd formula (1) that

r (DT oxT™ s (=1)™EFT M T S,)(y).y dy

(®) AL -
8 lim - =
n i © 82+r—2.log 8,
r-1
-y ™32, 1o Tul2(0 * 0) ™)

2o * o)™y qu] =

e (™2.@20 ) g

B (r-T');1.(m T A 3 ) J 1og [ul.2.lo * 0)™T)(L) au.

Then by lemma 1 b) we obtain case a 1).
The product x;r.x:r will be considered later. Let us see case b).

Let {5} be a sequence as in theorem 1. We have by theorem 2 b), theorem

n n=1,2,--.
1 a) and formula (4) that

] } Kk A
j+ (Do T %5000 oy
(9) lim — ' =
n -+ o BE_1_A.log Bn

=Tk - 1)!.1(>\'+ T) J ul. 0.0 %0) () au.

If Re (k-1-\) 2 0, k is odd and A different from a nonnegative integer or

A=k -1o0r A is odd and k - 1 > A (this implies by lemma 1 a) that
A % (k)
J Jul™u.(p ¥ p) " /(u) du # O for some p). We have that

X_;:_‘.x_k + (-1)k+1.x_k.xx
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does not exist.
We need to know what happens if k is odd; A is even and less than k - 1, Notice
A
)

that if A is even then |s - t[x = {s - t)" and therefore we can combine theorem

2b), theorem 1 a), c) and formula (4) to get

[ o o (G A) x5 )0 oy

(10) 1lim s =
n - o B

k-1
= ﬁﬁ (1 %)J Peto * o) K ) gy +

1

¢ (- ey Ly -] on 1ol * )M (0) au)

1
+ (JD vk.log (1 - wv) du).(J ux+1.(p * p)(k)(u) du)] =

- 1 A+1 % (k)
- - o tee ke % )W) aw)
since from k - 1 - X > 0, after integrating by parts we obtain

) ux+1.(p * p)(k)(u) du = 0O,
. A+ % (k)
From lemma 1 b) it follows that | log Ju|.u™" .(p * p)*"/(u) du = O for some p,

(because k +1 + ) is even).

Summarizing: if Re (A - k)

A

-1, k is odd the product

x—k.xx

-k k+1
+ (-1) . X

X>\X
X .

does not exist.
We have by. theorem 2 b), theorem 1 a), b) and formula (3) that

J+w (D ox T+ R KoM % 5 ) (y) ey oy
(11) lim == =

k-2~
n->oo Bn A.log Bn

= (- 1% . 77+ 5 1'2) -(-1>-I [ ei?eo %) K () au +

(-;) . (k -2-2) .J IUIA-U2~(D * p)(k)(u) du] =

1
TS x +2)

QG 1 s O+ $§.?Akl 2).2 'J IUIA-Uz-(O * o)(k) (u) du.

Then if Re A > -1, Re (k - 2 - A) 2 0 and A not a positve integer nor zero, or

A +2==k, orX is odd and k > A + 2 we get (again by lemma 1 a)) that
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A

-k + (_1 )l-(+1 .

A x K .x
X, eX_ .

does not exist.
If k is even and A is even, A <k - 2 {(this is the remaining case) by theorems

A
1a), b), c), d), theorem 2 b) and formula (3) (remember |s - t]"=(s-1t)") we
get

+oo
A -k k+t -k A
(Dxpox" + (21)77 ax X1 * 5 ) (y)y dy
(12) lim —= =
n>o Bﬁ_z—k

k=1 .
R Y.t e etV e -
1
. (- ﬁ).[(jovx.mg(q e b a2 (M 0% )+

1 .
. (jD M log (1 - v) du).(j M2 0 % o))y au) +

1 2+ -Kk) 2+A

+ TX—%~TT (1) 3 N P u -J log ful.u . (p * O)(k)(U) du +

f oy .j log [ul.?.(p * 0)%)(u) au] =

- b o - s ol 00

The lemma 1 b) completes our proof.

This proves part b).

We prove now part c).

Let k + m be odd, then by theorem 2 c), theorem 1 a) and formula (4) we have that

. +
(13) lim =

m-+k~1+qg
B .1log Bn

j*w ([xCxT™ 9 ()™ ™96 * s ) (y) dy

I'(q) - C(mek) 4
- - ey - e ) M) .

By lemma 1 a) we know that [ lu]™%u.(p * p)(m+k)(u) du # 0 for some p. Then we

have proved that if k + m is odd then

-k _-m-qg m+k+1 _-m-gq _-k
X, X + (-1) XX

does not exist.
Let k + m be even. By theorem 2 c), theorem 1 a), b) and formula (3) it follous
that
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+.

(14) m+k-2+q

n

e o]
J+ ([x;k.x:m-q + (_1)m+k+1.x-m—q.x:k] * 5 )(y).y dy
- 00
(o]

n - B .loan

( - k).I(g) g 2 (m+k)
 CEDIR 3 ?h = 2).(g - 7). T(g+m) ° J [u] % (o * p)' ™ (u) du.

(m+k )

By lemma 1 a) we have that [ |u|-q.u Ap * p) (u) du # O for some p. This

proves part c).

We consider now case d1). By theorem 2 d2), theorem 1 a), we get

+ - +
(15) lim -
n > o B2+r—1+p+q

+0o
j (DGTPaxT™ e ()™ P % 50 (y) oy
-0

Me)-Te) p0=patza) [ 1P (o 0T ™M (0) a0

(observe that the last integral is zero if ¢ + m is odd).

Let T + m be even; then by lemma 1 a) we get [ |u|1—p_q.(p * p)(r+m)(u) du z 0
for some p because 1 - p - g = 0.

Consider the subcase -1 2z Re (-m-g-r-p). If -1 > Re (-m-g- I- p) then the numerator
of (15) tends to ®. If -1 = Re (-m-q—r;p) the hypoth951s“ 1mply that m+r-1+p+q

is purely imaginary and B can be chosen in such a way that Bm+r T+pHq | i and
Bg;i;1+p+q = 1. Hence the numerator of {15) does not have a limit either.

8y theorem 2 d2), theorem 1 b), it follows, if m + r is odd, that

+o0
J (T PoxT™ 0 4+ (c)™T TP ™9] % 5 ) (y)ey dy

-0

(18) 1im _
n > o Bm+r+p+q-2 =

n

i G conx e pe ] I T R THCR RSO

- alrlelgeatl s so sz o) f1y1#p v p)mED) o

We have f |u|1-p-q.(p * p)(m+r-1)(u) du = 0 because 1 - p - g =z 0. Also

Re (m+r+p+qg-2)z0.IfRe(m+r+p+qg-2)>0 then Bm+r+p+q 2

and the numerator does not converge. If Re (m + T + p + g - 2) = 0 then
mM+T+p+q-2 has to be an purely imaginary number since m + r + p + q - 2 =z 0.
Then we choose again B, as before.

e consider next case d2). To prove this case we need an auxiliary formula. Let
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Un(y) be defined as

0n0) 2= (DEPT™ 4 ()T ™Y % s (y)

with rym =0, 1, 2, voos 0fE ReEp<1,px0,02£Reg<1, qg=0.
We obtain after differentiation of un(y) the following

o)
R e Q)

- r-1)-
g +

_ ([xi_p'x:(m+1)-q N (_1)(m+1)-r‘x;(m+1)-q.xf-p] * Sn)(Y)'

Let us prove that

+0o .
[ DEP ™ ()T s ) () gy
» =00 -
(18) lim 8 m-r+p+q-1 B
n

- Lol al-8llpudza) 1,199 x 0)(™F)(u)

if -1 2z Re (r-p-m-gq), m - T iseven, 1 = p -q #0, myT = 0, 1, 2, .ues
0=Rep<i1,p=z0,0=cxReg<t1, g=0.
Wz prove (18) by induction using formula (17). Integrating (17) we get:

B P gL Py s ) gy -

- J (xi-p'x:(m+1)-q . (_1)(m+1)-r.x—(m+1)—q

. xITP] s, (y) dy.

Now, formula (18) for r = 0 follows directly from formula (15).

If we assume that formula (18) is valid for m =0, 1, v..s 0 ST

A
H
[}
JEN
—

Lz}

-1 2 Re (r-p-m-g), 1 = p -q # 0, m - T even, then from the above identity we
obtain

(p -1 ) T(p).I(a).B(1-p,1-q) 1-pm (m+1-1_)
3 Mo T ) .j lu"™P9. (o * p) 9" (u) du =
to + 1 -p -(m+1)-q (m+1)—r0 ~(m+1)-g r_-p
[ + (1) x, x 1% 5 )(y) dy
= lim — '
n+ o B :-r0+p+q

and formula (18) is proved.

In a similar way it can be proved that

+oo
[P 1 ()T P) % 5 ) (y)y oy
~Q0

m-r+p+g-2
n

I1.26
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e A R AL [ o179, (o ) (Mr ) o

with -2 2 Re (r-p-m-q), 1 = p~-q # 0, m = T oddy MyT = Oy 15 2, eees
0 =Req<1,q#0, 0 SRep <1, p =0,
Let us prove (19). Multiplying (17) by y and integrating, we get:

1
(20) - m ,Jun(y) dy +
- T (r-1)-p _-m-q m-(r-1) _-m-q _(r-1)-py 4 _
e R LR R P EY AT x5 ) (y) ey gy =
_ r-p _-(m+1)-q _y(me1)-r  —(m+1)-g r-py ,
= J([x+ X + (-1) X, 7] Sn)(y).y dy.
Formula (19) is valid if r = 0 (a particular case of formula (16)).
We use formula (20) to prove by induction formula (19).
We suppose that formula (19) is true for m - r odd, 0 €T < r, -1 (r0 2 1),

1-p-qg#0, -2 2 Re (r-m-p-q)}; from formulae (20) and (18) we have

+ 1 o-p -(m+l)-q (m+1)-r -(m+1)-g T P
j X7 ex_ + (-1) X, x_o 1% s )(y)ey dy
nlimw - ) Bm—ro+p+q-1 =
n
1-po (m-r_)
_ 1 I(q).I'(p).B(1-p,1-q) J o] PTG * ) (u) du +
T (m+q) I{g+m).I'(p-1 )
(p-r) (p-m-q-(r_-1)).8(1-p,1-q).T(p).T(q) 1-p-q (m-(z_-1)-1)
+ i dg . 2?P(q+m).F(p-rD+1) .J|u| p*) o {u) du =

(p-(m+1)-aq-r).B(1-p,1-9).I(p).T(q) 1-p-q (m-r_)
2.I(q+m+1jf1(p-r0) 'J u (o * o) (u) du

and formula (19) follous.

From (18) and (19), d2) follows using lemma 1.

Now we consider case e).

‘By formula (6), theorem 2 e) and theorem 1 a), we have:

e r _-m-q (m+r+1) _-m-q _r
([x+.x_ + (1) X XT]* Sn)(y) dy
(21) lim == =
> o m+qQ-r-1
n Bn

= F(Q).?g;:;31-q) -J ] %™ o * 0) ™ () du.

By formula (5), theorem 2 c) and theorem 1 a), b) we have:
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+c0
J (™ 4 ()™ ™G] % 5 ) (y).y dy
(22) lim Bm+q—r—2 -
n

N 5 o«

e 2_{rq3'2(f*;315?3;;§q’ 'J ol ™0™ 0 * )™ (y) du.

By lemma 1 a) and formulae (21) and (22) we get case e) immediately. In fact

from (21) the subcase m + r odd, -1 2 Re (r-m-q) is obtained. If m + r is even

we have to use (22). The preceding inequality implies that Re (m-r) 21 - Re g >0
and sincem - r is even, m - T 22 22 - Re Q.

Here again the exponent of Bn is purely imaginary or has positive real part.

We now deal with the product x;r.x:r (case a2)).

By formula (7) in the proof of theorem 2 we get

e - _=T
J T e s )0 ay =

1A
0 .[J (J (Jslogly - t]|.log|s - y| dy).Sﬁr)(s) ds).Sﬁr)(t) dt +
-1 0t Ut

1 s
! . (r) (z-1)
oL 3).j_1(j_1 log |s - £].5.7(t) dt).5.7" () ds +

-1 1 1
OB R N RO R OR

J=1
-1 2 A
1 -
-0 B 6EVen? e,
3=1 -1
Let {S_} _ be a sequence as in theorem 1. Then
nn=1,2,...

n n

j(s‘r'”(‘yn? dy = (-1)51 25 (o % 5)(25-2)(q),
A s
J_1(J-1 log |s - t

]
-8 2r-1.J (Js log (lé_g_EL).p(r)(t) dt)_p(r'1)(s) ds,
-1 4 n

n

.sﬁf)(t) dt).s¢F 1 (s) os =

“n

and finally
1 1

L4,

) BZr-1_J1 (J1(Js 1og (=tly 10g de=vly 4)).0)(s) 4s) 0P 1) at.
-1 t Bn Bn

s
(It log |y - t|.log |s - y| dy).Sﬁr)(s) ds).Sﬁr)(t) dt =

I1.28
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We can write

+co
[ a1 %5000 oy

2r-1
Bn

.1092 Bn

r (I (2r-2)
<L (] s - 00100) ae)pl ) o - 220l (0)
((r - 1)) -1t ((r - 1))

because the last three factors of formula (7) of theorem 2 are 0(821‘-1.1092 Bn),

n
QED.

5. EXISTENCE OF CERTAIN PRODUCTS.
LEMMA 2. IZ Y, ms Ky, @ =05 1, 2,040 Re A > -1, 0 < Re (My+1-m-k),

m+k +Y 4s an odd number and {Sn}n=1,2,...

as in the introduction (ie. with properties (1)) we have:

= C:(R1) is a sequence of functions

1im JJ (s - t)V.]s - t|x.logais - t|.¢(s,t).5£m)(s).5§k)(t) ds dt = 0

n-=>
i£ o(s,t) e C(R?).
PROOF. Since 0O < Re (A+Y+1-m-k) we can integrate by parts in

Jj(s -t)Vs - t

and we can write it as a sum of integrals of the form

A

log®ls - t].0(s,t).5™ (s).5%)(¢) gs ot

Ijg(s,t).sn(s).sn(t) ds dt

2 . .
where g € L1,loc(R }. The main term is

JJ ™K (s - £)Y.]s - £|*.109%]s - t]]
aMs.a%t
The others are of the form

6(5,£).5_(s).5_(t) ds dt.

Jjg(s,t).sn(s).sn(t) ds dt
With g continuous and g{0,0) = O and therefore

1im JI a(s,t).S (s).5 (t) ds dt = 0.
N o n n
The main term can be written as follows
A ™ [(s - ©)V.ls - t]M 1095 - ¢]]
n aMs 3 kt

.¢(s,t).5n(s).Sn(t) ds dt =

SEI ij(m+k)(s - t).0(s,t).5_(s).5_(t) ds dt
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where f(x) = Y.|x|A.loga |x|. Since Y+ m + k is odd we have that

f(m+k)(s-t) - - f(m+k)(t-s). So

3

A = (-1)k.JJ f(m+k)(t - s).¢(t,s).8n(t).5n(s) ds dt =

= (-1)k+1.JJ plm) (g t).0(s,t).5 (t).5 (s) ds dt.
Therefore we can write

Ay = S [ #™6 -0 la(ss) - a(t,9)1.5 (5).5,(8) ds ot

It is easy to show that there exists a ¢ ¢ Cm(RZ) such that
d(sst) - ¢(t,s) = (s - t).y(s,t).

(In fact,

t d
6(s,t) - 6(6,5) = [ S(0ls1y) - 6ly,s)) oy =
S

1

- (¢ - s).JD [3,0(s,s+u(t-5)) - 8, 6(stu(t-s),5)] du).

But x.f(m+k)(x) is a continuous function that vanishes at zero. Then An + 0 if

n +> o, QED.
THEOREM 4 (existence).
a) Xpox 20 £ Re (A +u) > 413 Aue C
-T-p _-m-q _4\ML _-m-q _-T-p _ (-DF 7 (r+m)
£) 471) XX + (-1) XX = senmp.(m s )T .5

#£1-p-q=0,0<Rep<1,p=0,0<Re .<1,g=0;,m=0, 1Ty 25 ves »

T
02) xr—p.xsf—r-1 _ (1) w 5

+ T senmp.2 °
H£r=0,%1, £2, ..., 0 sRe p<1,p =0

c) cl) xi.x:k + (—1)k+1.x;k.x} =0

£k =2,4,8, ... Re (A-k) > -2, Re A > -1 (e C).
e2) x TP My (Lq)™T -M=Q -TP | g

+ - + X

40 sRep<1,p=z0,0sReq<1,q=0;r,m=0,1, c+m=1, -1 <Re (-p-q).

r
T-p _-m-q _y\M=T _-m-q _T-p _ (-1)=. =« (m-1)
d) dr) ootk + (-1) ARy WX T senmwp.{m - ¢)! -3

L myr=0,1,2, ..., 0 cRep<1,p=0,0 <Re g<1,9=z0,0s5r 5 m

11,30
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1 -p-q-=0.
d2) KE71-P o Ta x;r_q.xf-1_p =0

+ .

i/ r=0,1 ..., 0sRep<1,p=z0,0sReqg<1,a=0,-1<Re (-p-q).
PROOF. Case a). Notice that

v
(IxMxm] % 8 ) () 0ly) dy = | ([Po] % 8 )(y)6(y) dy
+ n + n

o(-y).

v
where ¢ € C;(R1),'¢(Y)

If we prove that xi.xB = 0 then also xﬁ.xf = 0.

A

Suppose first that Re (A+u) > -1, Re A > -1, Re p > -1. Then x{

and xB are functions

and we can choose p and gq: 1 < p,q < o, + %-: 1, such that in a neighbourhood

o=

U of zerc aone has: xi £ Lp(U) and xH € Lq(U). Then by theorem O (see introduction)

it follows that xi‘.xu 0.

Suppose now Re (A+y) > -1, Re A s -1, and that A is not a negative integer. Let

<
m be an integer such that Re (x+m) > -1 and Re (Mm-1) s 1.

From the definition of xi+m

we get
mXA+m

<d +

o> = (A +me oe (A # 1).<xi,¢>.
Also we have Re (p-m) > -1 and therefore

™05 = pe eee (- m s 1) DT e,

We have as before constants p,g, 1 < p, g <=, + = 1 such that in a

|-
af=

A

neighbourhood U of zero xe_m e L _(U), x++m € Lq(U). Using again theorem O we get

p
xﬁ.xg = 0,

To complete case a) we have to show that x;k.xE =0 if k =1y 25 sees
Re (y-k) > -1. But

)k

<dkx‘i,¢> = e ees '(U -k + 1).(~1 .<x1i-k,¢>

so the derivative of order k of xH € Lq(U) for some g such that 1 < q < =,
Also x;k is the kth-derivate of a Lp(U) function for any p, 1 < p < g. We take

p such that %-+ = 1 and apply theorem 0. This establishes case a).

1
g
).

Consider case b1). The idea of the proof is the following: a function in C:(R1)

can be written as

1.3
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r+m (r+m)
(1 o) = 0(0) + vl (0) ¢ s s LB e

where Y(y) e Cw(R1)-
Then we calculate the limit on each term of the sum. Observe that this can

be done because the support of

(TP C™ 3 4 ()™M P) % 5 )(y)

tends to zero if n tends to infinity and therefore we can calculate the limit

[s2) [e2)
over C (R1)—functions instead of CD(R1)—functions.

tet 0 £1 =m+r. By formula d?2) of theorem 2 we have for 1 - p~-q=0:

+oo
[ P acma  yme omea,omey 5)(y).yt gy =
-0

_0)Rr).re) o, 1-i i o(m) (r)
- ). I[{p .iéo ) Jj s het.s ™ (s).s T (t) os ot

I(g+m).T(p+r) i’ M,p,q°
where Ki,p,q = B(1-i-p+1,i-g+1). Besides
JJ sl'i.ti.sﬁm)(s).sﬁr)(t) ds ot =
. (J st-1.s(m(s) ds).(f et.s{Tie) ap).

But

0 if 1 =3,
(2) lim J sI.S(J)(s) ds =

n+§o

(-1)3.30 if 1 = 3.

So

+00
tin [ (OGP ()L x5 ()Y gy -

+ -
n>®_5

J 0 C=1<m+r

l (-1)™T(q).T(p) (*) if 1 =m + r.

It remains to evaluate next limit. First,

(*) Here 1-p-q = 0 and T'(p).T(q) = I'(1-p).T(p) = ;;;ﬂ;;-.
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(3)  1lim j*n (I FP o™ 4 ()™ TP * 50y ™ () dy =

n- oo«

(-1)*.(q).I(p) r+§+1 (r+?+1).IJsr+m+1'i.ti Kr+m+1(s.t).s(m)(s).s(r)(ﬁ) ds dt

= lim T(g+m).I['(p+r) ° o *Mi,p,q n n

n - o
by formula d2 theorem 2.
Integrating by parts it follows that the integral

JI sr+m+1-i.ti.Kijgj;(s,t).sgm)(s).sﬁ?)<t> ds dt

is a sum of terms of the form
JJQ(S’t)-Sn(S)-Sn(t) ds dt
with g(.,.) € CYR?), g(0,0) = 0. We get then

in [ a(sst).8,(s).5,(¢) ds ot = 0.

[ ]
So, limit (3) is equal to zero.

Consider case b2) of the theorem. Here again we write foruéze C::)(R1 )y

(4) b(y) = ¢(0) + y¥(y)
with ¢ e CR").
If 0 <Re p <1 then by formula d1) of theorem 2 it follows that
+o0 1
vm [ (OPET %5 )0 oy -
> © /=00
1 1 0
= 1lim J (J Kg.p.1-plSst).S (s) ds).5 (t) dt =
-1t P n :

n -+ o 0,p,
1 1
= lim B(1—p,p).J_1(Jt 5, (s) ds).5 (t) dt =

n - o

t
Since I Sn(s) ds =1 - J Sn(s) ds =1 - Hn(t), our limit can be uwritten as
-1

1
- lin B(-pp). (1 - H(£).H ) (e) ot =

N > o -

() (1)

s - [ n 21 _ I S
= r‘l-1>mm B(1-p,p).(1 J_1 5 dt) = 5 .-r(1-p).rp) = 2.sen gp °

Now by the same formula d1) of theorem 2 we obtain for y ¢ lZ"°(R1 ):

i [ (DGPAT * 8 )0y uly) @ =

Nn > o
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1 1 1 1
= lim (J 1(f s.g1(s,t).Sn(s) ds)Sn(t) dt + J (Itgz(s,t).sn(s) ds).t.Sn(t) dt)

n 17t -1
with g,,g, € C(R%).
1?92
But these integrals tend to zero because Sn(s).Sn(t) is an approximation of S in

R2 and s.g1(s,t) is a continuous function that vanishes at the origin. We have

proved that

- P11 _ 7
¢ XL T JTsen Lin) -5

if 0 <Rep<1.
If p is purely imaginary, by formula d1) of theorem 2, withr=0,p=py, m=1,
q = -p, we obtain

lim f‘” (IxPx®] % 5 )(y) ay =

n < o
1
= 1lim + J 1(Jt(s - t).Kg’p’_p(s,t).sé”(s) ds).S_(t) dt =

1
= 1im BU-=psi+p) J (J (s - t).5'g1)(s) ds).5 (t) dt =
R

< lim ()1(1 Ho(6)).H () gt = oI
) nliww r(1-p).r(p 'J_1 - H(E))H () o = 2.sen p *

Finally, from the same d1)

+oo - -1
lim J (IGPoPTT % 5 ) (y).yauply) gy =

N3 o -

1 1
= tin Sl lf ([ (- 0y (5,0).5((s) ds)s (1) et 4

1
+ L(It(s - t).gz(s,t).5£1)(s) ds).t.Sn(t) dt]

. o0, 2
with 9199, € C (R%).
It is easily seen after integrating by parts that these integrals tend to zero.
So, if 0 Rep< 1, p= 0

-p Pt _ T
(5) Xy X = Fo— - .S.

From the case a) of this theorem, we know that
-g+1 -1
x+B .x@ =0, g¢L

We have, taking derivatives,

I1.34
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(5) X+B.x? 1 + x_*_B":].x_B"'2 = 0.
Then, from (6) and (5) with B = p we get

xl-p.xe_z = - ingﬁ—ﬁa .S.
If B=1 + p from (6) and (5) we obtain
(7) ><_:_1_p.>(‘_3 = 2—.—S:n—"p .S.
Repeating this process we obtain case b2).
To prove c) we need an auxiliary formula.
If Re A > -1, U e C(R') we have that

S

(8) Jt ly - t|*.1log |s - y].yeply) dy =

1
j ls - t]*.(1ogls - t] + 1og(1-v))ov™.((s = £)ou + £).0((sot) ust).(s - t) du =
0

(s - t)°. 5 - tlk.t.logls -t .¢2(s,t) +

s - tlx.log|s - t].¢1(s,t) + (s - t).

+ (s - t)2.

A
s - tf .¢3(s,t) + (s -t)]s - tlx.t.¢4(s,t)
where ¢1, ¢2, ¢3, ¢4 are functions in Cm(ﬁz).
We split case c) in two subcases. The idea of proof is the same for both and

consists in decomposing ¢ € C:(R1) into the sum

(9) o(y) = ¢(0) + y.b(y)
where RD81E39°(R1).
From theorem 2 b) and formula (4) of §4 we get

J*” ([xi.x:k + (—1)k+1.x;k.x§] * Sn)(y) dy =

= ?k_iTF - .21 %)-Ult - sl)‘.sn(t).sr(]k'”(s) ds dt +
J=

+ (- C: 1_ 1)!).[(}‘ 1 ) .”(s - t).s - tlx.log s - tI.S'gk)(s).Sn(t) ds dt +

1
+ (LD vx;log(1 - v) dv).(JJ (s -t)e]s - t A'.Sr(‘k)(s).sn(t) ds dt)].

It tends to zero by lemma 2 of this section.
By theorem 2 b) and formula (8) of this section we have

[0 o COFGR T % 5 )0y ty) oy =
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k-1

] -
B CESEDY ‘(j§1

)=

jlt - slA.Sn(t).Sﬁk-1)(s).s.w(s) ds dt +

{
).J
+ (- 1 ) [JJ(S - t)? [s - t|A.log|s -t

+ JJ (s - t).

. JJ (5 - )25 - t]}o5(s,t).50V (s)u5 (£) ds ot +

.¢1(s,t).5£k)(s).5n(t) ds ot +

s - tlk.t. logls - t|.¢2(s,t).5(k)(s).5n(t) ds dt +

+ Jf (s - t).|s - t|k.t.¢4(s,t).Sgk)(s).Sn(t) ds dt].

The integrals involved tend to zero by lemma 2. Observe that to apply lemma 2 it
is necessary to incorporate a factor (s - t) (or s or t) to the function4 (or y)
to satisfy the hypothesis of lemma 2.

We consider case c2). By theorem 2 d2) and lemma 2 it follows that

00
lim J+ ([x-r—p.x:m—q + (_1)m+r.x;m—q.x:r-p] * Sn)(y) dy = G,
o]

+
n > ®
+00 .
lim J ([x;r-p.x:m-q + (-1)7 r.x;m-q.x:r-p] *s )(y)oyawly) dy = 0
n > « -00

for my r, p, q as pointed out.
Case d). We recall that if rym =0, 1, 2, ..., 0 csRep <1, p 20, 0 <Re g <1,
q #0 and

Un(Y) 1= ([xi'p.x:m-q + (_1)m—r.x;m-q.x?;p] * Sn(y)

then the following identity holds (formula (17) of §4)

(1)
u(y) (p - r)
(10) Py + ey - (DT P (1) emma (21D 5 ¢

y) =

- ([xi-p.x:(m+1)-q . (_1)(m+1)-r.x;(m+1)-q.xf-p] * 5 )(y).

With the aid of this formula we prove d1), d2) of the theorem.

We show first d2). It follows by induction using c2) and a) of this theorem and
(10).

In fact, by c2)we have if -1 <Re (-p-q), 0 sRep <1, p 20, 0 sReqg< 1,
g # 0 that

Jalt S I R
+ - + -

From formula (10) withr =1, m =1, p = p, q = q it follows that un(y) + 0 in

D'(R1) (theorem 4 a)) and therefore that u£1)(y) + 0 in D'(R1). This means that
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1-p -2-q _ x=2=9_1-p

X, Tex_ + X

= 0,
Repeating the process we obtain d2).

We now prove d1). We want to show that the following formula is true if r, m, p, q
satisfy the indicated conditions:

P ()M omea e )z HadTo) g(ner),

The formula is true if r = m (case b2) of this theorem) or if r = 0 (case b1)).

Suppose the formula true for (ro,m) and (r0-1,m) with r,z1, 0 s sm,

We get by formula (10);

(m—r +1) (p~r1) r -1 (m-x_+1)
I'(q).T(qg) 1 I'(q).T(g)
(-1) o (mq- T ?' *(m + qu ° MO q? (1) m - ro + 1 5 =
T
(D) @) (™)
T o m+t - )r -
o
r -p -(m+1)-q (m#¥1)-r_ -(m#1)-q T _-p
= lim ([x,7 .x _ + (-1) %x, x 0] x 5,0(v).
n-> o

Therefore the formula holds for (ro,m+1), and d1) follows. QED.

6. NONEXISTENCE. In this section we deal with the problem of nonexistence of a

product of the type xi.xe but for which there exists a balanced product, ie.

A
X e X
+* 7

I+

xE.x§ (cf. 84).

LEMMA 3. Lot & € Co(R'), even, supp. 6 [-1/2,1/2], then

a) i m+r 21

IR 8™ (s) 95).p (P (t) dt = (1) (4 * o) (™1 (g).

L) if m + T is even and m + T 2 2

1
j(L 50 ™ (s) 0.0 () gt = (- B=E L () x g)(mr-2) gy

PRODOF. a) is immediate.
b) Suppose m z 1. Integrating by parts and using a) we get

1
(1) j (J¥ s.0(™(s) ds).¢(r)(t) dt =

1
- J(-t.q,(m'”(t) - jt o™ (s) as).oT () ot

II1.37
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’ 1
] -J £.6m D 0y, ol (1) at - j(ft o™ (s) ds).0(T(t) ot =

- -J .6 (6) .60 (2) ot - (-1)™1 . (o * ¢)("‘+r‘2)(0)_

We prove next am auxiliary formula. Let @ and B be nonnegative integer numbers.

Suppose @ + B odd and o 2 RB. Then
0 - j{[t.a)("“”)<t>.¢(3)<t>]“) - 60 (1) o B (1)1 (1)
a-18 ((X+B—1 ) (a+6-1 )
s ) 2 e 2 e 2 w10 gt =

- J{[¢(°"”(t).¢(3)(t) + 0008 (1) + 6.6 (1).6B) (1)) -

18D ). 6B () 4 6@ () 6B () 4 0@ 2 (1), B ()] 4
a-1-8 a+B3~1 ) a+8-1 ) (oL+B+1 ) (a+B-1 )
1) 2 e % e 2 ) st 2 ). 2 ()21  dt =

j 0@ )68 (1) + £0@(£).0B) () - @2 (r) 5B+ 4y 4

a-1-8 (a+B—1) a+B-1 a-1-8 (<x+B—1) o1
£ % % e 2w ) % e 2 (W) 2 (e) ot =
@By B, @8l 2. (1)
Due to the fact that & 2 (t).o 2 (1) = L& > (t)] ) and

J 0@ M (t) 6 ®)(e) ot = - J¢("-"2)(t).¢(8”)(t) dt = ... =

-g-1 (ﬁﬂ) 2 (1)
+(-1)OL2 .It.([d’ 2 ) 4.

Finally, integrating by parts this last integral we get:

(2) J 0@ (6)4®)(t) ot - £ sa) I¢(°"”(t)-¢(3)(t) dt =

=L 5a () x )BT ().

We arrived to the following identity (see (1)):

1
(3) j(jt 5.6 (s) ds).o(T)(t) ot =
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= [ £ ol™ (). () ot - (™66 * )™ Do) - oy (2) -

- (_1)m. m-~—T+1

> (o * ) (MT2)()

This is formula b) for m 2 1. It is easy to verify that this formula is true
also if m = 0. QED.
THEOREM S,

a) al) X" P.x"" does not exist if T,n=0,1,2, ..., 0sRep<1,p=0,

A

0 sReg<1,q#%0,1-p-g=0,m+r 21, (r 2zmor {(r=m, p z q)).

al) xi_p.x:m_q does not exist £ tym=0,1,2, v.., 0 sRep<1,p =0,

A

0 sReg<1,g=20,1~p-g=0,m-1T 21.

8) xEPixIT ooy not exist if T is an integen, D sRe p <1, p 20,

0 sReqg<1,qg =0, -2 <Re (-p-g-1) -1, p.+ g =0,
c) x_i\.x:k does not exist if k =2, 4, B, «.., Re A > -1, -2 <Re (}-k) < -1.

d) o does not exist ifk =0, 1, 2, ... .

PROOF. Case al). We recall that if {Sn} is a sequence as in theorem 1

N=142540.
then

(4) (s, * 500 = 870 * ) Mi0)

for y =0, 1, 25, vus &
let T + m be odd, 1 - p - q = 0, then by formula d1) of theorem 2, formula a)
of lemma 3 and (4) we obtain: :

+oo
, (FPoT™ I * s oy 5,
(5) nlimoo = = - =-P2p£g;:¥(éig) p * p)(r+m-1)(0)'

let r + mbeeven, r +mz22,1~p-qg=0, then by formula d1) of theorem 2,
formula b) of lemma 3 and (4) we get:

+oo

[ TP % s )y oy
(6) Lim m+1r-1 =
n > o Bﬂ

_%(p).r%@.(m - r + g - p) o * ) (T™2) (g
2.7(p+r).T(g+m) '

From formulae (5) and (6), at) follouws.
We consider now case a2). The following is an identity if 0 s Re p <0, p = 0,
0<Reg<0,q=0,,m=0,1, 2, ...:
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(1) {BEE TP s )0y oy - [P % 50 00) oy

which is obtained integrating the derivative of,([xi-p.x:m'q] * Sn)(y). We want
to prove that the following formula holds if r + misodd, m-1r21,1 -p-g=0,
D2Rep<1,p*0,02Reqg<1, g% 0, mT =0, 1Ty 25 0sa?

+ o0
J_w([xi'F’.xj“‘q] * 5 )(y) gy

(8) lim — =
n - oo Bn

2 2

If © = 0 then this formula is a particular case of formula (5). Using (7)
repeatedly we see that it is valid in any case.

Finally, if J SRep <1, p *0, 0 SReq <1, q #0, Tym =0, 1, 2, ... then

from the following equality:

j (HEPLC™9) % 5 ) () y gy = -j([xi'p.x:m*’"Q] *5 )(y) dy

we deduce

(3) [ (0P o™8) % 5 ) (y)y ay =

- A(EP ™8] x5 () ay + (- o) [(ET o™ 79) % 5 )(y).y o).

Next we prove that the following formula (10) is valid if © + m is even,

1-p-g=0,m-1r22,05Rep<1,p #20,0sReqg<1,qg# 0y Lym=0,1,24.0.2

e rep _-m-
Jm([x+ PoxT™9) % 5 )(y).y dy

(10) lim : — =

n

N> o

AR s e

The formula holds for r = 0 since it is a particular case of (6). The general
case follows by induction using (8) and (8), and a2) is proved.
Let us consider case b).

By formula d1) of theorem 2 we have for -2 < Re (-p-g-1) = -1, p + q = O that

P 1-a
[ P s )00 oy

II.40
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1 1
1 1-p-q .0 1)
-1 .J_1(Jt|s -t PTG (500,51 () ds).5(8) ot =

1 1
- (D +q - 1)(;8(1-!3,1-!1) .J- (Jtls _ tl ‘p"q.sn(s) dS).Sn(t) dt =

_(p+g- 1;:2(1‘9’1*1) ” |'s -t P™s (s).5_(t) ds dt.

Now by thecrem 1, a), we get:

oo 1
A RN
(11) lim —= =

p+q
n -+ © Bn

_(p+g- 12?;19(1-p,1-q) J |U|-p-q.(p * 5)(u) du.

By lemma 1 we can choose p such that

J [u] P9, (0 * p)(u) dux O
and therefore

x P19
+ -

does not exist if -2 < Re (-1-p-q) < -1, p+q= 0, 0z Rep< 1, p=z O,
0=<Req<1, q=0.
Assume that r is an integer. For p,q as above we get

xIP x T g
+ -

Differentiating we obtain

O B

r-1-p x~I-P

(r = p).x+ + (r + p)ux

~-p
+
Therefore if one product does not exist then the other one does not exist either.

Using the fact that

x_p.x_1-q
+ -

does not exist we conclude that

cannot exist.
To prove c) we need some auxiliary formulae.
Let Re A > -1, k = 2, 4, 6, ... . Then

[T x5 )00 oy = [

-0
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©0 o] t
- -J+ (J+ xA.Sgk_1)(t-x) dx).S_(t) dt = J+w(J It - x| (x) dx).sﬁk'1)(t) gt =
- ‘() ~00 4 .00
0 400
- -Jjw(Jt It - x|Ns () dx).Sék'1)(t) dt
and +o ‘
(12) [ sty v s 6 0y -

-0

-1 ” e - T - )08 (0).85Te) ok .

Also from formula (8) of §4 if k = 2, 4, 6, «..s Re A > -1, -2 < Re (A-k) 5 -1

=

and {5} is a sequence as in theorem 1 we get
N'N=1329000

am([xi_1.x:(k-1) N (_1)(k—1)+1_x;(k-1).x§-1] %5 )(y) dy
(13) nlimm ] BE_1_A;log B, i
[ G D) x5 00 oy
= nlimeo = 3:'1'>‘.1og : 2 =

= A.Zl )T -J oo p)(k°1)(u) du.

Now for the values of A,k pointed out above it follows from theorem 4 a) that

xi‘_.x:k""I =0
and differentiating
A-1 -k A -k 1 A o(k-1) _
AexlT X + (k—1).x+.x_ - T XS = 0.

Therefore, using (12) and (13) and theorem 1 a) we get

+00
[T a1 % 500 oy

i 1 -1 k-1
Hm k-1-1 =Tk -1T.2 'J|U|A uafp ¥ p)( )(U) du
n > o Bn . log Bn h

and by lemma 1 case c) follouws.
Case d). From theorem 3 b) we know that

-k k-1
X, eX

+ -
does not exist if k is odd k 2 1.
We want to show that the same product does not exist if k is even, k 2 2. (If
k = 0 it follows from theorem 3 b) for A = 0, k = 1),

From theorem 4 a) we know that
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X, X =
+ -

if Kk = 1,2, ... . Differentiating this it follows that

o

k).xf + (-k),x;k.x‘f—1 =0

k
(i) x KTk 4 L2 s

k!

Let us prove that S(R).xk exists for k = 1,2 , ... It will follow then that

X;k.x5_1 does not exist for k even, k z 2. Now
+00 y
01 % - =1 2,(1)
(15.x71 * 5 )(y) = snm.jy 5 (u) du = -5 J(jm 5, (u) du)?]

Hence S.x? exists. By Fisher's theorem O it follows that

sk K g

for k =1, 25 ... . Differentiating this we get
s(k) i slem) et g

and applying this formula we obtain the desired result. QED.

7. COMPILATION OF SOME OF THE RESULTS OBTAINED IN THEOREMS 3, 4 AND 5.
THEOREM B.

r
o) x;r—1/2.x:r-1/2 - (51)!22 _glar)

P2T=1,2, cue .

T
r-p _p-r-1 _ (1) .7
4) Xp  oXo ~ sen mp.2 .S
if T is an integen, D <Rep <1, p z0.
c) xi,xy =0 £ Re (3+u) > -1, with rsu e C.

d) The product xf.xy does not exist fon othen values of My as those appearing

in a), 4) on c).
Howeven it holds that

T
“T-p ~M-Q | (_q)MT ,-M-Q  -T-P (-1)".q S(m+r)

e) X, - + - sen mp.(m + r)! °

A

i mT are integens, 0 sRep <1, p=0,0 sReq<1,q#0, 1-p-gq=0, r+m 2 0.
A -k k41 -k _A _
Z) X ex_ + (-1) X, ex_ =0

if kK =2, 4, 6, v..y Re (A-k) > -2, Re A > -1, A € C.
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-p x-q-r—1 _ x—q-r—1 <SP _g

g) TS + X

4L T is an integer, 0 SRep <1, p #0,0sReq<1,q=0, -1 <Re (-p-q).
PROOF. Cases b) and c) follow from cased b2) and a) of thearem 4.
Case a) follows from case b1) of theorem 4.

From Th., 3 and 5 follows that the product xA;x does not exist if ),y are not
as in a), b) or c).

In fact, to study the product xj.xg, MU eC, Re (Atu) < -1 we consider different

subcases:
Re A > -1 +———£12———+ Re py > -1
(4) *\\\\\\if)
Re A <0, A is not a “~\— Re u <0, uis not a negative
negative integer (3) integer

(5) N
(6)
Notice that by symmetry we need to consider only these six subcases.
SUBCASE 1. From the fact that Re (A+u) < =1 we deduce that
-1 < Re A <0,
-1 < Reu<0,

A is a negative integer U is a negative integer

and therefore we can set A = -p, 4 = -q and use theorem 3 d1).
SUBCASE 2. Since Re u <0 and u is not a negative integer we set H=-m-q
withm=0,1, 2, ..., 0 sRe g <1, q =0,

/Re A>—1\}

A=0,1, 2, ovo . A=z0,1, 2, ...
Set A = r, The condition Re (A+u) < -1 Set A =TT - p(r=0,1,2, ...,
is equivalent to Re (r-m-q) < -1. 0<sRep<1, pz0); then the
Therefore hte product does not exist condition Re {X+y) < -1 is equivalent
by theorem 3 c). to Re (r-p-m-gq) < -1.
e// \4

1T-p-ag=0 1-p-qg=0

j \\\\\L Then m - t 2 1 and we use theorem 5
m+ r is even m + r is odd. a2) to prove the nonexistence of the
The product does product.
not exist by
theorem 3 d2).
Re (r-p-m-gq) < - -2 < Re (r-p-m-g) < -1. Then r-m must
The nonexistence follows from be equal to -1. Then the product is

theorem 3 d2). of the form xP.x"T71-9 yith
+ -

-2 < Re (~p-g-1) < -1 which does not
exist by theorem S b).
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SUBCASE 3. Set y = -k. Then the condition Re ()+y) < -1 reduces to

Re (A-k) < -1\
k is odd. —

k is even.

The product does not exist by

Th. 3 b).

Re (A-k) = -2. -2 < Re (A-k) < -1.

Use theorem 3 b) to prove the Use theorem 5 c) to prove the
nonexistence. nonexistence.

SUBCASE 4. Let us write y = -m-q (m =0, 1, 2, ..., 0 sRe g <1, q =z 0),
A=-rp(r=0,1,2, ..., 0 sRep <1, p=0). Then Re(l+u) < -1 reduces to

4”—””ﬂ’—"”,, Re (-m-g-t-p) < -1.\\\\\\\*

1-p-q=0 1 -p-g=0 (see below)
e \\
r +m is even T + m is odd

Use thecrem 3 d1) to prove the

nonexistence.

Re (-m-g-r-p) s -2. -2 < Re (-m-g-t-p) < -1.

The product does not exist by Then -r-m = -1. Use thecrem 5 b)

theorem 3 d1) for the nonexistence.
1-p-qg=0

T % m, r = m. (notice that ¢ z 1).

it does not exist. Use theorem S al), \\&

P~ aq. p=q.

Use theorem 5 al) to prove the The product exists and is the case

nonexistence. a) of this theorem.

SUBCASE 5. Set y= -k, A=-r-pf(r=0,1, 2, «.., 0SRep <1, p=0). Then
the product does not exist by theorem 3 c).
SUBCASE 6. Use theorem 3 al), a2) (nonexistence).

AU

Next we study XL e X with Re (A+u) = -1. Here again we divide in Bubcases the

problem.
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£7)

A is a nonnegative integer «————2" _, U is a nonnegative integer

‘\\\‘(8)

10 :
A 1s a negative integer +£—-) ——— H 1S5 a negative integer
(11\(9)
A 1is not an integer +—————— U is not an integer
(12)

SUBCASES 7 & 10. These cases are excluded since Re (A+u)Z —1 for both.

SUBCASE 8. The product does not exist by theorem 5 d).

SUBCASE 8. Set A = (r =0, 1, 2, ...),H = -m - g (m an integer,

0 =Req <1, g #0). Then Re (AMH) = -1 can be written as Re (r-m-g) = -1 and

then Re q = 0 (ie. q is purely imaginary} , r - m = -1. We can rewrite the product
as
xi.x:r_1_q

and then we can apply theorem 3 e) to prove the nonexistence.

SUBCASE 12. Set A =r - p (r integer, 0 SRe p <1, p #0), U=m - g (m an
integer, 0 s Re g < 1, g # 0). Then Re (A+u) = -1 can be written as
Re (m-g+r-p) = -1. Observe that Re (g+p) must be an integer. We have

Re (m-g+r-p) = -1

c. k///////// \\\\\\*

Re (p+q) = Re (p+q) = 1. (%)
Then m + r = -1 and we can uwrite Then the product can be written as
xEP " T-1-9 xI P x4
/ ' —\ i i
p+g*0. p+g=0.
The product does not exist by The product exists by theorem 4 b2).
theorem 5 b). See b) in the statement of the

present theorem.

4’¢”——"—"’_~”_~_ﬂ,_ (%) \\\\\\\\&

p+qg-=7%. p+qg=1
The prodiict exists by theorem 4 b2). Then' the product does not exist by
See b) of the present theorem. theorem 3 d2).

SUBCASE 11. Set A = -k (k =1, 2, ...); Then the condition Re (A+h) = -1 can be
written as Re (M<k) = -1. Therefore Re u > -1.

The product is x;k.xe.
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RS
k an odd integer. k an even integer.
The product does not exist by

Use theorem 5 c) to prove the
theorem 3 b).

nonexistence.
In case e) of the present theorem 6 we put together case b1) and d1) of theorem 4.

Case f) coincides with case c1) of thearem &.

Finally, case g) is the case d2) of theorem 4 for r an integer. QED.
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APPENDIX.

DEFINITION OF xi, xu. If X is a complex number such that Re A > -1 then the

following function defined in R:

A ex log x if x> 0

X
0 if x£ 0

is locally integrable and defines a distribution. Here log x is real for x > O.

One obtains easily the following relations:

< A A+ _
i) xox = X if Re A > -1.
.. d A A-1 .

ii) Tx e = A X, if Re X > O,

A
We wish to extend the definitions of X, to all A EC preserving properties i),
ii).
Some exceptions must occur because if one takes A = 0 in ii) then
d 0O _¢,
ax * = 5= 0.

Let ¢ ¢ C;YR). We define the function

S 14(0) = ot = [ (k) ax,
A A + 0

which is holomorphic in Re X > -1,

Property ii) means that

LG') = A L_ () if Re x>0, for all ¢ € C (R).
Then one can write for Re A > -1, k a positive integer,
(01, 6%
L@ = o -

The right hand side of this equality is holomorphic in Re A > -k-1 except for the
simple poles at -1, -2, ..., -k. In this way we can define I,(¢) by analytic

(1-Ap)

continuation if X is not a negative integer or, what is the same, by formula (1-ap)
We define then for A # negative integer

A .
’ <X+,¢> = I)‘(d’).
In X = -k the residue of the function A -+ IA(¢) is
(1< 1_(6{))

(k-1)
lim (A +k) L ($) = -9 )
A AT E T b

Therefore



Nl

k=1 o(k-1)
A - .
()\+k)x++ 1k-15! if ) » -k.

Subtracting the singular part we obtain, if A + k = ¢ » O,

(k-1)
R e
K (7 (E-1).6K) ¢(k-1)(0) 1 1
= (1) 'jo §;+1-2). ..Ex?e dx + € ’((k-1—€). ees J(1€) T (K - 17!) ”

400 (k-1) k=1
> - TE_%_TTT .JD log x.¢(k)(x) dx + QTE—:—$%% .(j§1 1/3).

Then we can define x;k by

-k 1 oo (k (k1) gy k1
DS (PR D Y ‘JD Log x.4 ) (x) ax + Q{g—:fryr .(j§1 1/3).

xi has the following properties:

. A A .

i) XX, = x++1 if A= -1, -2, ...,
» g AL A,

ii") =%, s A x,  if AZ0O, =Te =2, vue

and by a straightforward computation we obtain
iii) - x_ = -k x +(-1)° S ifk=0,1,2, ...
We define, as usual x_ by

< x§,¢> = <xi,¥>

for all A e C, all ¢ € C:(R), where %(x) 1= O(-x).
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