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ABSTRACT. In these notes, we present an alternative version of discrete Dirac mechanics
using Dirac structures. We first establish a notion of ‘continuous Dirac system’ and then
propose a definition of discrete Dirac system, proving that it is possible to recover discrete
Lagrangian and Hamiltonian systems as particular cases. We also note that this approach
allows for kinematic as well as variational constraints.

1. INTRODUCTION

The notion of Dirac structure as a generalization of both presymplectic and Poisson
structures goes back to the work of T. Courant and A. Weinstein around 1990 ([Cou90]
and [CW88]). The usage of these objects to construct mechanical systems can be traced
back to, for example, the port-Hamiltonian systems considered in [DvdS98]. Years later,
J. E. Marsden and H. Yoshimura pursued the idea of using Dirac structures to provide a
unified framework to treat Lagrangian and Hamiltonian systems ([YMO06a] and [YMOG6b]).
They introduced the so-called implicit Lagrangian and Hamiltonian systems, which allowed
them to consider degenerate Lagrangians and nonholonomic constraints.

In the discrete setting, analogues of these systems were presented by M. Leok and T. Oh-
sawa in [LO11], where the authors introduced the concept of ‘discrete induced Dirac struc-
ture’. Using these objects, they defined ‘discrete Lagrange—Dirac systems’ and ‘discrete
nonholonomic Hamiltonian systems’, which allowed them to recover discrete Lagrangian
systems (as considered in [MWO1]) and discrete Hamiltonian systems (as considered in
[LWO06]). These structures, however, are not Dirac structures themselves, and it is a natural
question whether it is possible to obtain the same results using an actual Dirac structure.
The goal of our work is, then, to propose an alternative version of discrete mechanical sys-
tems in the Dirac setting, but making use of Dirac structures. We believe that an advantage
of this approach would be to, hopefully, make use of results already known in the theory of
Dirac structures and attempt, among other things, to construct a reduction procedure.

To this end, instead of treating Lagrangian and Hamiltonian systems separately, we will
first establish a notion of ‘(continuous) Dirac system’ (very much as it is done, for example,
in [BL+19] and [CEF14]) and then present a discrete version of it. This notion of discrete
Dirac system will allow us to recover the results of [LO11] discussed in the previous para-
graph and will provide a little more flexibility, since it will allow for kinematic as well as
variational constraints. This is important because many authors, when dealing with discrete
mechanical systems, think of the variational and kinematic constraints as being related. In
a sense, in the case of systems coming as discretizations of a continuous system, they tra-
ditionally arise as two reflections of a single constraint (see, for example, [CMO1]). In the
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discrete setting, however, the kinematic and variational constraints are entirely different ob-
jects and we find it unnatural to assume that they have to be related as an intrinsic part of the
system. In that sense, we find that the discrete systems correlate easily with the generalized
nonholonomic systems of [CGO06].

The outline of this paper is as follows: in Section 2 we review the basic definitions
regarding Dirac structures and establish the definition of Dirac system, and in Section 3 we
introduce what we call ‘discrete Dirac systems’, showing how they contain both discrete
Lagrangian and Hamiltonian systems as particular cases. To conclude, we discuss some
topics we would like to study in the future.

2. DIRAC STRUCTURES AND DIRAC SYSTEMS

2.1. Dirac structures. Following the presentation given in [YMO06a] and [YMOG6b], let us
first consider a finite-dimensional vector space V. If V* is the dual space, we have the
natural duality (-,-). We define the symmetric pairing ((-,-)) on V & V* by

<<(V, Ot), (17,5()>> = <O£,\7> + <a7v>7
for (v,a),(v,&) eV V™
Definition 1. A Dirac structure on 'V is a subspace D C V @ V* such that D = D+, where
D the orthogonal complement of D with respect to ((-,-)).

Definition 2. A Dirac structure on a manifold M is a subbundle D of the Pontryagin bundle
TM :=TM & T*M such that for each m € M, D(m) C T,,M & T,;M is a Dirac structure in
the above sense.

Remark 1. Strictly speaking, the above definition is that of an almost Dirac structure. The
missing feature is an integrability condition that we will omit, as is often the convention
when using these objects in mechanics (see, for example, [BL+19], [YMO6a], [YMO6b]).

The Pontryagin bundle of a manifold M comes with three natural projections: pPrs :
TM — TM, pr=pr : TM — T*M and pyy : TM — M.

A distribution and a two-form on a manifold induce a Dirac structure on it. This result
will be used several times in the following pages, so we state it here.

Theorem 1 ([YMOG6a, Theorem 2.3]). Let M be a manifold and let Q be a two-form on M.
Given a distribution Ay on M, define the skew-symmetric bilinear form Qa,, on Ay by
restricting  to Ay. For each m € M, let

Dy (m) :={(vin, ) € TuM X T;M | vy € Ayy(m) and
O (W) = Qa,, (M) Vi, Win) YWy € Ay (m) }.
Then, Dy C TM & T*M is a Dirac structure on M, which we will denote by D(Ap,Q,, ).

2.2. Dirac systems. Inspired by the definitions considered in, for example, [BL+19] and
[CEF14], we introduce the following:

Definition 3. A Dirac system consists of a triple (Q,D, @), where Q is a smooth manifold
(the configuration space), D is a Dirac structure on TQ and « is a 1-form on TQ, usually
arising from the energy of the system.

Definition 4. A curve z(z) on TQ is a trajectory of the system (Q,D, o) if it satisfies
2(t) @ a(z(t)) € D(z(1)). (1)

As we see next, these systems naturally contain the implicit Lagrangian and Hamiltonian
ones considered in [YMO06a] and [YMOG6bD].
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DISCRETE MECHANICAL SYSTEMS IN A DIRAC SETTING: A PROPOSAL 121

Example 1 (Implicit Lagrangian systems). An implicit Lagrangian system, as introduced
in [YMO6a] (see also [LO11, Definition 2.4]), consists of a Lagrangian L: TQ — R, a
constraint distribution Ap C TQ and a vector field X on 7*Q. Locally, setting1 X = q',% +
p%, the trajectories of the system are characterized by the equations ([YMO06a, Proposition
6.3])

oL ) - oJL .
p=4-. d€ho(a), v=4, p_TQEAQ(Q)v

where Aj)(g) is the annihilator of Ap(q).

We can present an implicit Lagrangian system as a Dirac system as follows: given a
Lagrangian L : TQ — R and a constraint distribution Ag C T'Q, consider the Dirac system
(Q,Da, o) given by

* Dp := D(A, @p), a Dirac structure on TQ induced by A := (Tpg) "' (Ag) and wp :=
P1+o®Wo, Where @y is the canonical symplectic structure on 70,
* oy :=dér, with 87 : TQ — R defined as &7.(vy, 0y) := 04;(vy) — L(vy).

Explicitly, the Dirac structure D, is described as
Dp(z) ={w. @B, e .TO® TZ*TQ | w, € Az), B — Iy, @p € A°(2)}.
In canonical coordinates,

o = —%qur p—% dv+vdp
dq av

and condition (1) is equivalent to (¢,¢) € Ap and
JdL JdL
——0q+|(p—=)Oov+vOop=4dp—pdq
dq av

for all (8¢, 8v,dp) € A(g,v, p), where

A(g,v,p) ={(84,6v,6p) € T4, TQ | 89 € Ap(q)}- 2
Therefore, the equations of (Q,Dx, o) are
oL JL

._7€on = 3 ':a 7. GA,
P35, €80 P=7, 4=y (9,9) € A
which are precisely those of the original implicit Lagrangian system.

Example 2 (Implicit Hamiltonian systems). An implicit Hamiltonian system, as considered
in [YMOO6b] (see also [LO11, Definition 2.7]), consists of a Hamiltonian H : T*Q — R,
a constraint distribution Ap C TQ and a vector field X on T*Q. In canonical coordinates,

setting X = q'a% + pa"—p, the trajectories of the system are characterized by the equations
([YMOG6b, Proposition 3.14])

oH JoH
- E A = o ) € Ao
p+ %4 €AY, g 9y’ (9,9) € Ag

lThroughout this paper we will use a rather compact notation when working in coordinates. Equation
X= 6]3% + pa‘ip should be interpreted as

T )
=q aql plapi7

where we are using the convention of summing over repeated indexes.
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In the Dirac setting, given a Hamiltonian H : T*Q — R and a constraint distribution
Ag C TQ, consider the Dirac system (Q,Da,dH) where H := H o pry., and Dy is defined
as in Example 1.

This time, condition (1) reads

JoH JoH
p+—=—16q+(—g+—=—|0p=0
dq dp

for all (g, 8v,8p) € A(g,v, p) (where, as in Example 1, A(g,v, p) is given by (2)), together
with (¢,0q) € Ag. Therefore, the equations of the system are

JoH JoH
'+ —=— €Ay, §=—=—, ,q) € Ag,
p+ 9g SR 1= 55 (9,9) € Ag
which are the equations of the original implicit Hamiltonian system.

3. DISCRETE DIRAC SYSTEMS

We now turn our attention to the discrete setting, presenting a notion of ‘discrete Dirac
system’. A discrete version of the implicit Lagrangian and Hamiltonian systems considered
in [YMO6a] and [YMOG6b] by H. Yoshimura and J. E. Marsden was presented in [LO11] by
M. Leok and T. Ohsawa. In their work, they introduce an object they call ‘discrete induced
Dirac structure’, which is a discrete analogue of the structures described in Theorem 1, but
fails to be a Dirac structure in itself (it is not a subbundle of the corresponding Pontryagin
bundle).

Our goal is then to present an alternative approach that makes use of actual Dirac struc-
tures. In order to do so, we will not consider implicit Lagrangian and Hamiltonian systems
separately, but will construct a discrete analogue of (continuous) Dirac systems that contains
both discrete Lagrangian and Hamiltonian systems as particular cases.

In discrete mechanics, one often works with maps whose domains are product manifolds,
giving rise to two natural operators, namely D and D,. We briefly review this construction
below, before using it in the following sections.

Given an n-dimensional manifold Q, we consider the product manifold Q x Q and, for
i = 1,2, the projection pr; : O x QO — Q onto the i-th factor. Using the product structure of
0 x Q, we have that

T(Qx Q) =pri(TQ) ©pry(TQ),
where prf (T Q) denotes the pullback of the tangent bundle 7Q — Q over Q x Q by pr; for
i =1,2. If we define j; : pri(TQ) — T(Q x Q) as ji1(8q) := (84¢,0), we have that j; is
an isomorphism of vector bundles between prj(7Q) and TQ™ := ker(Tpr,) C T(Q x Q).
Similarly, defining j» : pr3(TQ) — T(Q x Q) as j>(6q) := (0, 8g) identifies prj (T Q) with
the subbundle TQ" :=ker(Tpr,) C T(Q x Q).

So, the decomposition T(Q x Q) = TQ~ & TQ™" leads to the decomposition

T (QxQ)=(TQ ) &(TQ")°
and the natural identifications (T7Q")° ~ (TQ )" ~ priT*Q and (TQ™)° ~ (TQ")* ~
pr3T*Q.

For any smooth map f: O x Q — X, where X is a smooth manifold, we define D f :=
Tfojyand Dyf :=Tfo jp, where Tf: T(Q x Q) — TX denotes the tangent map of f.
Thus,

T f(90.41)(840,6q1) = D1 f(q0,41)(8q0) +D2£(q0,41)(841).
In particular, if f: Q x Q — R, then D1 f(qo,q1) € T,; Q and D2 f(q0,q1) € T, Q-

0
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Let M be a smooth manifold. Given a natural number N, a discrete curve of length N
is amap x. : {0,...,N} — M. Note that the space of discrete curves of length N may be
identified with the cartesian product MV "1, so it has a (finite dimensional) smooth manifold
structure.

Definition 5. Let Q be a smooth manifold. We define its discrete Pontryagin bundle as
P :=(Qx Q) xoT*Q=T*QxQ, (3)

where we are considering the fiber bundles pr; : O X O — Q and the cotangent bundle
o:T*Q — Q.

Intuitively, the first space in (3) is more natural, since Q X Q is the discrete analogue
of the tangent bundle?, but we will use the latter because it is easier to work on a product
manifold. The two natural projections are prz- : P‘é — T7Q and pry : P‘é — Q, given
by pry(ay,q*) :==q".

We will always use the following notation unless explicitly stated otherwise: x = (0z,¢™")
will be a point in P‘é, with o, € ;0 and ¢* € Q, and x = (5, 6¢™) will be a tangent
vector to ]P"é atx, with oo, € Ty, ,T"0and oq" € T,+Q. Adiscrete curve on IP"é will therefore

be denoted by x. = (0.,¢".). Notice that the subindexes are used to indicate the position
in a given path and have nothing to do with coordinates.

We will restrict our attention to the discrete curves on ]P"é that satisfy a certain ‘second
order condition’. We say that a discrete curve x. is admissible if

(xkaxk+1) = ((aqqur% <a4k+l7qu+l))
satisfies q,‘: =i+ forall k=0,...,N — 1. This means that x; = (0, ,gx+1) for all k.

We denote the space of admissible discrete curves on P‘é of length N by ‘Kd(IP"é).

For our definition of discrete Dirac system we will use 1-forms defined on ‘Kd(IP"é), SO
we first check that this makes sense.

Lemma 1. Cfd(IP"é) is a regular submanifold of IP’dQ X ... X P‘é.

Proof. Let us define a map ¢ : (PN — (Q x Q)N*!, where (P$)V ™! means PY x ... x
P‘é N + 1 times and similarly for (Q x Q)¥*!, by

¢((atloﬂqg)v A (aqmq/j\;)) = ((q07q(J)r)7 RS (QN,q/t))'
Notice that ¢ is a submersion and ‘fd(P‘é) can be regarded as

Ca(PH) =0~ (QXAQ) x ... x A(Q) xQ),

N times
where A(Q) C Q x Q is the diagonal, which is a regular submanifold. Therefore, Q X
A(Q) X ... x A(Q) x Q is a regular submanifold and C54(]}"‘(’2) is its nonempty preimage by a
submersion. ]

For the rest of this article, we will use the following notation: since
T (Phx .. xPY)) ~ T, Phe... T, P,

a 1-form y on ]P"é X ... X P‘é can be regarded as a sum Y = yp+ ...+ Yy, with y; :
(P(‘é)NJ;l — T*]P"é such that y;(xo,...,xy) € T;;]P"é. Therefore, we will denote Yy (x.) :=
y(x., k).

Xt is a well-established idea to replace tangent vectors with close enough points in Q when considering
discrete-time dynamical systems.
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Definition 6. A discrete Dirac system is given by (Q,D, Z,y), where Q is a smooth man-
ifold, D is a Dirac structure on Pé, 2 C Q x Q is a submanifold and v is a 1-form on

“i(PY).

Definition 7. A discrete curve x. = (0, ,¢".) € (fd(P‘é) on }P"é is a trajectory of the system
if it satisfies (qk,qx+1) € Z together with

<Veraqk(aqk),0> Sw(x) €D(x), 0<k<N—1, )

where ver is the vertical lift on 7*Q given by

0y +1By € To, T*0.
t=0

Veraq(ﬁq) = o

In local coordinates, equation (4) is simply
(0, pk,0) ® i (x.) € D(xy), 0<k<N-1.

In the next pages we will see how this formulation contains both discrete Lagrangian and
Hamiltonian systems. To this end, we will consider the 2-form ®$ := —pr7: W On P,
where @y is the canonical symplectic form on 7*Q.

In canonical coordinates, given 8x; := (80, 8q; ) € T, Py,

of (xe) ((vera, (6,),0) . 8x¢) = —o(qus i) (0, pr), (8ax.8px)) = pi- Sac

3.1. Discrete Lagrangian systems. A well-known type of discrete-time constrained me-
chanical system is the family of nonholonomic discrete mechanical systems (see [CMO1]
and [FTZ10]). One such system consists of (Q,Ls,Ag, Z), where Q is a smooth manifold,
Ly : QO x Q — R is a smooth function, Ag is a subbundle of 7Q and ¥ C Q x Q is a sub-
manifold. The trajectories of these systems are characterized by the following equations:

D1Ly(qk, qi+1) + DaLa(qi-1,q1) € Ap(qr)s  (qk,qi+1) € 2. &)

We can present a nonholonomic discrete mechanical system as a discrete Dirac system
as follows: given a discrete Lagrangian L; : Q x Q — R, a constraint distribution Ag
and a submanifold Z C Q x Q, consider the discrete Dirac system (Q,Da, Z, y.), where
Dy :=D(A, w§) is the Dirac structure induced by @f and A := (T (mgopry-p)) "' (Ag), and
Y is defined as

YL (x., k) := —D1La(qr, qr+1) + (&g, — D2La(qk; Grs1))-
The distribution A is given explicitly by
Ax) ={(6a,,6q") € E]P"é | 8q:=Tmp(d0y) € Ap(q)}.
In canonical coordinates, condition (4) is equivalent to (0, px,0) € A(x;) together with
P 8qr = —DiLa(qr: 41) - 8qx+ (st — DaoLa(qr: 4)) -
for all 8x; = (8qx, 6k, 8q;) € A(xi). That is,
(Px+D1La(qr: 47 ) - qk — (Prs1 — D2La(qr,q7)) - 8qf =0
for all 8x; € A(xg), and (0, p,0) € A(xy), which is equivalent to
Tmg - (qk, Pr: 0, i) = (qk,0) € Ag,

and is trivially satisfied, because Ap(gx) is a vector subspace of T, Q.
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Therefore, the equations of the system are
Prr1 =DoLa(qr,q), pr+D1La(qr,q) € AH(qx)
a8 = Grr1 (9K, qk+1) € 2.
That is,
Pt = DaLa(qrsqr1)s P+ DiLa(qrsqi1) € Ay(qr),  (qr,qk41) € 2. (6)
Comparison of (6) with (5) proves the following:

Proposition 1. The trajectories of the nonholonomic discrete mechanical system (Q,Ly,
Ag, ) correspond to those of the discrete Dirac system (Q,Da, 2, yr.).

Remark 2. If the submanifold & and the distribution A are related by means of a retrac-
tion on Q (see [LO11, Section 4]), then equations (6) are equivalent to the (+4)-discrete
Lagrange—Dirac equations considered in [LO11, Section 5.1].

Remark 3. Notice that without constraints, the equation pg + D1L4(qo,q1) = 0 forces an
initial condition xq € ]P"é to be of the form (—D;L;(qo,q1),q1) if we expect it to give rise to
a trajectory.

Example 3. Let us consider the discrete harmonic oscillator described by the (uncon-
strained) discrete Lagrangian system (R, L), where

(g —q\* % ,
o p | 2 _z

with A a nonnegative constant.
The derivatives we will need are

1 1
DiLs(q,q") = —Z(f —q)—hAq, DiLi(q,q4") = z(f —-q).

In the Dirac setting, we consider the system (R, D, R x R, y; ), where

qk+1 — gk qk+1 — gk * * *
v (x., k) = <+h + hAqy,0, pri1 — +h> € quR X Tka X quﬂR

and
D(x)={vaa|ai(v,w)=aw)VYwe TXIP"é}
={(g,p.4")® | p8g—4Sp = a(8q,8p,8q7) V(84,8p,8q") € TPy}
The initial data (go,q1) € R x R for the original Lagrangian system induces the initial
data xo = (qo, po,q1), with (qo, po) = —D1L4(q0,q1) (see Remark 3). Let us construct a

trajectory (xop,xp).
The condition (4) for k =0 is (0, po,0) ® yi(x.,0) € D(xp), that is,

Podqo = (ql 40 +hlqo> 8qo+ <p1 _a _qo> 8q1

h h
for all (6qo,8po,0q1) € EOP%. This yields
q1—4q0 41— 4o
= hl = .
0 h + qo0, P1 A

The first equation is the restriction regarding the initial data that we discussed in Re-
mark 3. Iterating, when k = 1 we have (0, p;,0) @ yr(x.,1) € D(x;):

%5% = <q2 ;m +hlq1> Sq1+ <P2 - qz;‘”) 8¢,
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for all (8¢1,8p1,8¢2) € T, PL. This leads to

2 —q1
¢ =2q1 —qo0 +h*Aqn, Pzzq hq'

Therefore, the trajectory (xo,x;) is

(X(),XI) = <<q07 7 ;qo +h7LQOaQI> ’ (C]h 7 ;q()?qu —4q0 _hZAQI>> .

3.2. Discrete Hamiltonian systems. In [LZ11], the authors introduce the notion of dis-
crete Hamiltonian mechanical system from a variational viewpoint. Such a system is given
by a vector space Q and a discrete Hamiltonian function H; : T*Q ~ O x Q* — R. Its
trajectories are characterized by the ‘discrete right Hamilton’s equations’*:

Gir1 = DoHy(qi, pis1)s P = D1Ha(qx, pr+1)- (N

In the Dirac setting, given a vector space Q, a discrete Hamiltonian H; : O x Q¥ — R,
a constraint distribution Ap C TQ and a submanifold ¥ C Q x Q, consider the system
(Q,Dp, 2,y ), where Dy := D(A, co,‘f ) is, as in the Lagrangian systems, the Dirac structure
induced by @f and A := (T(mg o pry-p)) ' (Ag), and the 1-form yy is given in global
canonical coordinates by
Wa (x., k) == a;f;(‘]kaPkJrl)ko + (ﬁ(é]kmkﬂ) —Qk+1> dpy.

In these coordinates, equation (4) is equivalent to (0, px,0) € A(xx) (which is trivially
satisfied, as in Section 3.1) and

)z ) JH
Pk Oq = qu(qmpkﬂ) -Oqr+ (apd(‘Ikakarl) _Qk+1) Xy

for all 8x; = (8qx, S pr, 6qgr+1) € A(x). That is,

JH, 0H,
(pk— a(;l(q/c,pk+1)) -0qy — <apd(%19k+1) —61k+1> “Opr=0

for all dx; € A(xy).
Therefore, the equations of the system are

oH . oH
Pk — T;(Qkapkﬂ) €A(qr); G = T;(Qkapk—kl)a (9K, q141) € 2. 8)

If Ap=TQ and = Q x Q, comparing equations (8) and (7) proves the following result:
Proposition 2. The trajectories of the (unconstrained) discrete Hamiltonian system (Q,H)

correspond to those of the discrete Dirac system (Q,DT% ,Ox 0, IIIH).

Remark 4. As before, if & and Ap are linked via a retraction on Q, equations (8) are
equivalent to the (+)-discrete nonholonomic Hamilton’s equations considered in [LO11].

Remark 5. If Ap = TQ and ¥ = Q x Q, under certain regularity conditions, namely

d%Hy

m(flap)
being nonsingular (see [LZ11]), in a neighbourhood of a solution (go, po, p1), equation
po = aa—féd(qo, p1) determines implicitly the value p; in terms of go and py and, afterwards,

3We are omitting the adjective ‘right’ everywhere else, since we are using H; instead of the original H;
considered in [LZ11].
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g1 = %—Iz‘(qo, p1) determines g;. Schematically, (o, po) --+ p1 --* ¢1, meaning that, under

certain conditions, g is a function of (go, po) and, hence, cannot be arbitrary. This says,
again, that not every choice of xo = (qo, po,q1) gives rise to a trajectory.

FUTURE WORK

Here are some topics for future research:

* The dynamics of implicit Lagrangian and Hamiltonian systems can be obtained
from a variational principle, as is shown in [YMO6b]. For the case of discrete
Lagrange—Dirac and nonholonomic Hamiltonian systems considered in [LO11], the
authors show that their dynamics can also be derived using variational techniques.
We are interested in studying if it is possible to do the same for the discrete Dirac
systems that we considered here.

* Under some regularity condition, the existence of flows near a given trajectory is a
well-known fact for both discrete Lagrangian and Hamiltonian systems. We would
like to explore the possibility of a similar result in the context of the discrete Dirac
systems introduced here.

* In the continuous setting, reduction of Dirac structures and implicit Lagrangian and
Hamiltonian systems is discussed, for example, in [YMO07] and [YMO09]. We are
interested in studying symmetries of discrete Dirac systems, and in constructing a
reduction procedure in this new framework.
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