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Abstract.  This note was inspired in the paper due to Cheng Lin Zhi and Li Chen Kuan (cf.
1]).

th Here, we evaluate several cumbersome n -dimensional multiplicative distributional products,
such as L7 {(P +io)~™ 17} . [¥ {6},

Lp~m-14i . K {6}, KT {(m? + P)~'-1%i} . K*{§}, where L is the n -dimensional ultrahy-
perbolic operator, iterated j-times (j integer > 1), and K7 is the n-dimensional ultrahy-
perbolic Klein-Gordon operator, iterated j-times, (j integer > 1), ¢f. (II,1;1) and (11,3;1),
respectively.
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1.1. Definitions

We begin with some definitions. Let z = (z1,232,...,%n) be a point of the n -dimensional Euclidean
space IR™. Consider a nondegenerate quadratic form in n variables of the form

P:P(::)::c%+---+:z:’2,—z;+l—-'-—1:12,+q, (1,1;1)

where n =p+gq.
The distributions (P =+ i0)* are defined by

(P +i0)* = Zi_rf})(Piielzlz)A, (1,1;2)
where € >0, |z =22 4+---+2%, A e C.

iI(=1)%"1 .y .
Wa“ )(P). (1,1;2")

The distributions (m? 4+ P 4 40)* are defined in analogue manner as the distributions (P % io)*.
Let us put (cf. [2], p. 289).

(P+io)™* = PF(PY* ¥

(m*+ P+ io)* = lin}) (m2 + P+ ielmlz))‘ , (1,1;3)
£~
where ¢ is an arbitrary positive number, and m is a positive real number.
It is useful to state an equivalent defimtion of the distributions
(m? + P Lio)*.
In this definition appear the distributions
m? + P)*  if (m?+ P)>0,
(m® + P)} = ( ) : ( )2 (1,1;4)
0 if (m?+P)<0.
' 0 if (m? 4+ P) <0,
(m? + P} = . ( : (L1:5)
(-m?—P)» if (m*+P)>0.
We can prove, without difficulty that the following formula is valid (cf. [3], p. 566).
(m? + P +io)* = (m? + P)} + X (m? + P)1. (1,1;6)
From this formula we conclude immediately that
(m?>+ P +io)* =(m*+ P— io)* = (m? + P)*, . ' (L,1;7)

when X = k = positive integer.



We observe that (m? + P 4 io)* are entire distributional functions of A. This is the principal
difference between the distributions, formally analogue, (P + io)* which have poles at the point A =

—%—k, k=0,1,....
It can proved (cf. [8],p. 573, formula (2.14) and p. 575, formula (3.5)) that
II(—1 k-1
(m*+ P +io)™ = Pf(m’ + P)* ¥ %‘“"“’(m’ +P),
k=0,1,.... (1,1;8)

This formula is a multidimensional analogue of the well-known unidimensional formula (cf. [2], pp-
96 and 97).

We prove (cf. [4], p. 23, Theorem 1) the

Theorem 1. The following formula is true for every A, p € € and
m2#£0:
(m? + P £40)* - (m® + P £ io)* = (m® + P £ io)**. (1,1;9)

We observe that the following formulas are valid
[sgn(m? + P)] Im? + PP =(m?+ P)q\_ —(m? 4+ P)?, (1,1;10)

and
|m? + PP* = (m? + P)} + (m® + P)}. (L,1;11)

We shall define (cf. [2], p. 294)

(m? + P):‘,

s 4 py= PR
(m ) F(A + 1) A=~k

(1,1;12)

I1.1. The multiplicative product of Li {P~™"1+i} . L¥{5}

Let us define the n-dimensional ultrahyperbolic operator, iterated j-times, (j integer > 1).

. d? 3* 3? a
= — i e e S (1L,1;1
{8:1:1 8z2 9zl 3z§+q} )

where n=p+4q.
We have {cf. {2}, p. 272)
LPM =201 +1)(22 4+ n) P> (I1,1;2)

Iterating it j-times, we arrive at
LIP = 2500+ 1) (A +5)(A+ 3) . (A + S Hi-P
2ET(=NT(1= A - =)

= —2___p\. (11,1;3)
D(=A=j)M(-A—- 2 —j+1)




From (I1,1;3), putting A = —m — 1, we obtain
L {p~m1HY ¥} =

223 m m—ﬁ
2%T(m + )P(m ~ 5 +2) (Pt LHE)). (1L, 1;4)

T T(m—j+1)D(m— g —j+2)

Taking into account the formula (I1,11), p. 6 of [5], we arrive at
L{p~m Y. LM} =

IT(m + )T (m — 2 +2)

= - (P™1.L*6))
D(m—j+)I(m— 2 +j+2)
0 ifzgm«}-l,neven,
_ { 2 (11,1;5)

Ajmn e LHFH8} i 2 S mt 1, modd;

where
Ajmank =
2 1kt n ( _r )
) 2 m.k.I‘(2+k)I‘ m— 242

- 4m+0(m—j + )T (m— 2 —j+2) Dm+k+j+ )T (k+m+1+2)

(1L,1;6)
By putting j =1 and k = 0 in the above formula, we have

L{P™}.-6=
2mi(2m —n + 2)

m+1 . _7}_
4"’“(m+1)'-1‘(1n+1+2)L {6}, 5 <m+1, nodd,
. 2 (I1,1;7)

0 if%Sm—i—l,neven.

I1.2. The multiplicative product of IF {(P + io)~™-1+5} L*{5}
We have,
D{(P+io)*} =290 +1)...0+ )M+ 3) ... A+ 3 +5 = 1) - (P + o)

DA (=X — 2 4 1)
2 (P + io)*. (11,2;1)

CT(-A=JR(=A- Z -5+ 1)
Putting A = —m — 1 in (II,2;1), we obtain
L {(P +io)~™ 1t} . [*{6} =
22"m!I‘(m—7—21+2) .
= . AT - {(P +i0)™™"1 - L*{6}}
(m-j+1)0 (m—— —2-+J+2)
LT
{0, lf 5‘ S m + 1,

Aj,,n,n!kLk+m+1{5}, lf 5 S m + 1, n Odd;



where Ajmny is defined by (IL1;6), and (P +io)~™1 - L*{6} is given by (I,8) and (L9) of [5], p. 3.
By putting j =1 and k = 0 in (II,2;2), we arrive at

L{(P+i0) ™} -6 = Aympno- L™{8} if Z <m+1, nodd (11,2;3)
Formula (I1,2;3) coincides with (I1,1;6).

Finally, we have that
L{P~™} .6 = L(P +io) ™ -é. (11,2;4)

I1.3. The formula I/ {P-™-1+i} . K}{§}

We can generalize the formula L/ {P~™~1+/} . [*{6}. Effectively, we know that

k
kE _ _ vk k __2\k—v g )
K* = {L -a?} _g(v)( a?)k-vre. (11,3;1)
Therefore, we have
Li{p~m=1i} Kk {6} =

L D WA
=52 (8 sty (o) g

0

k
Z( ) Y Ajmm o LTTEY, i

e
[

o3 I3
IA

m+ 1, n even,

IA

m+ 1, n odd.
(11,3;2)

Otherwise, we have
K7 {p~m7iHi} . KM} =

l=-0
= g <;) 2)i- ’Z( )( a®)¥ "4 maw - LV TH{6]. (11,3;3)



IIL.1. The product of Lf {(m?+ P)**i} . [*{§}

We know (cf. ..., page ..., formula (...)) that

(m? + P)* =Y a, A(m?)* P} if P>m?, (I11,1;1)
v20
where (—1)"T(=A + v)
- — v
= 111,12
Ay,A F(—)\) (11L,15 )
We obtain
L {(m? + PYMIY . L¥ {6} =
=3 aya(m?) L7 {PA7} L IR{6}. (111,1;3)
v2>0
Putting in the above formula A = —I — 1, we have
L {(m? + P) "1} L LM6) =
=3 auu(m?) L (P71 H} L48)
v20
=Y ay(m*)" Ajton- LEHHv+Li6y (111,1;4)
v2>0
where
Aj,H—v,n =
2j k! _r n
_ 299(1+ ) T (140 2+2)r(2+k)
22('+”+1)(l+v—j)!(k+l+v+1)!I‘(l4—v— e —j+2)I‘(1+v+ 3+k+1)'
' 2 2
(I11,1;5)
Making m? = 0 in (I11,1;4), we obtain the formula (I1,1;5).
II1.2. The multiplicative product LJ {{(m? + P)~!-1+i} . K*{é(=)}
We have
L {(m® + P)"'T 1} - KHé(2)) =
k
. . k
— L] 2 —-l1-1431 ., \k—-v7rv
(i + 279y 3 (B oty
v=0
E ok . A
= Z ( )(mz)k—v . {LJ {m2 + P}-l—1+] . L"{é}}. (III,2;1)
v

=0



Substituing (III,1;4) into (III,2;1), we obtain the following formula

L {(m? + P)~'"1*} . K*{6(=)} =

k
k _
=) (v)(mz)k_" Y ap (M) - Ajripn - LHHHPTILSY,
v=0

p20

II1.3. The multiplicative product K7 {(m? 4+ P)~!1-1+i} . K*{5}
Let us put
K7 {(m? + P)"'14} . K* {6} =

=3 () emp e+ Py )

Substituing (IIL,2;2) into (III,3;1), we shall obtain the final result of the above product.

IV.1. The multiplicative product of IF {(m?+ p+io)~!-1+5} . L¥{}

Taking into account the following formula (cf. [7], page 6, formula (I,1;23))

2 C\A 2. (m2)? '(A+1
(m” + P & o) :2%( v!) r(,\(—-:+)1)

(P +i0)*~?,

if P>m?,
Also, we know that
F(A+1)  (-1)'D(-A+0)
rA-—v+1) T'(-2)

Subtituing (IV,1;2) into (IV,1;1), we arrive at
o0
(m? 4+ P 440)* = Za,,,A(mz)"(P +i0)* 7,
=0

where 1y )
1) (=X +wv
WA Ty

By similar reasons of the development of the above formulas, we obtain

L {(m*+ Pxio)*} = i%,,\(mz)"ﬂ {(P £i0)* "%},

v=0

(111,2;2)

(I11,3;1)

(Iv,1;1)

(Iv,1;2)

(Iv,1;3)

(IV,1;4)

(IV,1;5)



Then, we have

L {(m? 4+ P i)™~} . [*{8} =
=3 a7 {(P £i0)™ 17} - L¥ {8}

v20
=S aybjaten-c(l+v+1,nk)- LFFOHHL{E) (1V,1;6)
v2>0
Here
bij"J m° C(I +v+1, h‘v k) = Aj,H—v,vu (IV,1,7)

where A; 4y n is defined by (III,1;5).

IV.2. The multiplicative product of L7 {(m?+ P +i0)~'-1+j} . K*{6}

Therefore, by using (IV,1;6), we obtain
L {(m® + P+io) "'t} . K*{6} =

= D {4 Pri ) Y (1)

v=0

E e . |
= Z (v)(mZ)k—” ) {(mZ +P+ io)-—l—l+]} . L' {6}. (IV,1;8)

Finally, taking into account (IV,1;8) we arrive at
K7 {(m®+ P +io)™'*1 "1} . K*{6} =

= ZJ: (i)(—mz)f" {L7(m® + P+ o)™ "'t . K*{6}}. (Iv,1;9)
r=0
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