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ON CERTAIN SPACES OF DIFFERENTIABLE FUNCTIONS

VANISHING ON THE BOUNDARY
by A. Benedek and R. Panzone.

7. INTRODUCTION. In {B] we introduced for Q a bounded domain with boundary,
1 5 p<ew, rand s positive integers, r < s, the space

(1) Wwo(@Q) := w;’p(g) N wP@).

I'yS

We proves that it coincides with the closure in mS’D(Q) of the family of

functions

(2) 0.(2) :={o e C(@): 0% =0 ond, |a] < 1.

We owe to Professor A. P. Calderdn a comment to our paper where he pointed out
that the space wi S(Q), 1 <p <o, is the (closed) subspace of W>’P(Q) formed
b

by the functions verifying

(3) 0% =0 a.e. 50 for |a| < r.

This result can be proved using [cl, especially Theorem 11. The aim of the

present note is to supply the details for the preceding characterization of

the space ui S(Q). Ubserve that the definition (1) can be given also for
9

r = s and in that case m? r(Q) = mg’p(Q)q le prove
‘ b

IA

THEOREM. Lot £ € W’7(Q), 1 s 2 s 4, 1 Sp<w, /g wﬁ () £ and onty if
y4

i %2 =0, la| < 2

The trace operator will be defined in §3.



2. THE REGION Q. We shall use E. Gagliardo's work [G]. In this section we
show that our region satisfies his hypothesis.

In our case each x° € 3 has an open neighborhood U, homeomorphic to the unit
ball by an application ¢: U+ B = {y ¢ R"; Iyl <1} such that ¢ & C(U),
. e C°(B), and ®(UN Q) = BY 3= {y e B; Yo > 0} . We have then for

X = (x1, oo s xm) e U, ®(x) = (¢1(x), cee s ¢n(x)) and x € Q N Y iff

@n(x) >0; xeg 30 N U iff ¢n(x) = (3 V@n(x) # 0V x e U. Therefore there

Lo
exists h such that gzﬂ(xo) # 0, We may suppose without loss of gererality that
h
x® =0, h = n and S;D(O) > 0. Let us consider the map
n
(4) noeoxo= (xhx ) o (x' e (x)) =1y
with x' = (x;y oov s X 4)y x € P 2= Ux;] <d;s 1 =7, <oy n} and the

parallelepiped P contained in U.

Lo P
If the di's are adequately chosen, g;D{x) > (0 in P and n defines a C
’ n

homeomorphism with a C° inverse x of the form

—
(82
~—

X2y = vy ) > (yhax (v)) = x.
The eguation of the boundary 30 NP is then
() x = Y(x') := Xn(x',D), x' € p' o= {lxil < d.s i <,

N

Since Y(0) = 0, we may take, for fixed d_, P' so smell that |¥(x')| < -+ in

P'. Then the C* homeomorphism

(7)
1 X, = xj/dj s 3 <n



carries the neighborhood RD of x° defined by

R = {y(x") - (dn/Z) < X< y{x") + (dn/Z)’ x' e Pl

and the images of @ N Ro and 3% N RO are respectively

d

= {|X.] <1 fori<n, 0<X_ <1}
1 n

and

[ . l - —
§ := {;Xi] <1 for i < n, Xn = 0}.

In consequence, a finite open covering Rj’ J=71s «eo 5 Ny of 30 can be
obtalned in such a way that each Rj maps homeomorphically onto R, while the
images of Rj N Q and Rj i 982 are Q and S respectively. So Gagliardo's
hypothesis is fuifilled, since these homeomorphisms are C* in both ways. We
shall denote them by ®j. A set R © 30 is said to have surface measure zero if

for every j, ®j(A f1Rj) has measure zero in the (n - 1)-dimensional surface 5.

3. THE TRACES. Using a partition of unity and the maps ®j one can verify that
it is enough to define the restriction to S of a function in wS’D(Q) to give
a meaning to the restriction of u € WS’D(Q) to 2. That is tr u.

Now if f e w*'P(Q) then D% e L'(Q) for |a| s s. So by Th. V pg. 57 [S], there

is a representative of its class which is absolutely continuous on every

segment {(x',t); 0 < t < 1} =.Q. We shall call such an f a prototype of its

class. For a prototype, g{(x',t) = %;—(x‘,t) £ L1(0,1) for almost all x'. In
n

consequence, there exists the limit:

lim f(x',t) =: (tr f)(x') =: f(%',0), a.e. x' g S.
t > 0



Besides, tr f does not depend of the prototype chosen. In [G] (footnote 7),
p. 288) the following Lemma is proved.

LEMMA 1. Let 7 <p <o and £ € W 2P(Q), Then #n £ € LP(S) and
(8 [tr 25 L2 s € les Aol

Another way of defining the trace is the following. If u € cw(ﬁ) N MS’D(U),
we define Tr u(x',0) = u(x',0) = tr u(x',0). For u € MS’D(Q) take a sequence

(@m} such that & € @ 0w Pq), & > u in w°*P(Q), and define

Tru := 1lim ¢tr ¢ ,
m > m

Inequality (8) shows that this 1imit exists in LP(S) and coincides with tr u.

4, THE MAIN RESULT.

LEMMA 2. Let £ € 0 (Q), supp 7 SR, 1 S 2 S5, 1 5 p <@ Then ta D% = 0
2

Lon idl < .,

PROCF. There exists {¢j}c: Dr(Q) such that Da¢j > 0% in LP(a), la| £ s. For

laj <t we have | tr D% - tr D%, ;LP|

1

tr 0%F;LP), and from (8) we get

the thesis, QED,

LEMMA 3. Let £ € W™7(Q), Jupp £ <R, 1 S
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l@! < a, Then £ € MZ’A(Q).

PROOF. Let E be a strong s-extension for Rz. That is, a linear operator

mapping functions defined in R: into functions defined in R such that for

every ps 1 £ p <%, and every k, 0 £ k £ g, verifies

. +
i) Eu =u a.e. R, and

n

lewsu®P (R )]

A

Klusw P (RY)]



.. o ¢4 . . . — .
ii) DEu = EaD Us |&| £ s, where Ea 1s an operator similar to E but acting

S-—,OLI, +
P(RD),

on W
iii)  if u(x',t) is continuous in t e [0,e) for fixed x' e Rn—1 then
Eu(x',t) is continuous in t € (-8,e), 8§ > 0, (cf. [A], pp. 83-88).

A function f € us’p(a) with supp f <R can be trivially extended to ws’p(R;).
Let f. := EF *(% where {¢€} is an approximation of &§. Then Fe +~ Ef in ws’p(Rn).

Let f be the trivial extension of f to Rn. For ]ul ST, ¢ ¢ Cz(Rn), we have

<?,Du¢> = lim J f .E9¢ dx =
g~ 0 xn>D €
: o] ; Ye P 1
= lim [(-1)! { of . ox + ) CB D'f .0°¢ dx'] =
e~ 0 x >0 € ly|+[8]<r Y x =0 €
- (-pledf o (EF) .0 dx + ) C ., lim J (tr O'F ).0P dx' =
Jﬁf@ Y] +8]|<r YBg—+D x =0 €

- (-)lel Jr P dx +

% f (tr DYf).E#¢ dx' =
x >0 MEEIRS: x =0

= (—1)!q| j 3;;43 dx.

This means that D% = 6&? for |a] =t and so £ e WPR™). since

~ [w]
f = 1lim f(x',xn—e) in mr’p(R:), we get f ¢ mr’p(R:), QED.
e >0

The theorem follows from Lemmas 2 and 3 and the localization described in §2.

Observe that properties ii) and iii) are not used in the proof of Lemma 3.
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