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146. Boolean Elements in Lukasiewicz Algebras. I

By Roberto CIGNOLI

Instituto de Matemé4tica Universidad Nacional del Sur,
Bahia Blanca, Argentina

(Comm. by Kinjiré KUNUGI, M.J.A., Oct. 12, 1965)

0. INTRODUCTION, In the theory of the (three-valued) Lukasie-
wicz algebras founded by Gr. Moisil, the possibility operator plays
an important role. Moisil denotes the operator by M and we shall
denote by V7 it defined on a distributive lattice A and it is uniquely
determined by the set K of all elements ke A such that rk=k.

The purpose of this note is to establish characteristic properties
of the family K. In §1 we summarize some theorems on closure
operators defined on lattices. In §2, we study these operators in the
case of Kleene algebras, and in §3 we apply these results to the
problem suggested by A. Monteiro.*

1. CLOSURE LATTICES. Let (L,0,1, A, V) be a lattice with
first and last elements. If a unary operator / is defined on L such
that:

Ccly Fo=o, C2) x<lx,

C3) Vvyy=rzVvry, C4) We=ru,
we shall say that the system (L, 0,1, A, V,FV) is a closure lattice,
and the operator V is a closure operator. This notion is a general-
ization of closure operators on topological spaces and was studied by
N. Nakamura [17] (see also [16] and [18]).

It is easy to prove that:

C5) If x<y, then Fx<Vy, or equivalently,

C6) FleAny)y<FaAly.

In [18] it was proved that
1.1. The family K of all invariant elements of a closure operator
has the following properties:

K1) K is a sub-lattice of L containing 0 and 1.
K 2) K is lower relatively complete: that is, for all xe L,
the set {ke K : x<k} has an infimum belonging to K.
Moreover we have

(1) Ve=AN{ke K:x<k}.

Conversely, if K is a subset of L with the properties K 1) and K 2),
(1) defines a closure operator V on L, and K s the set of all in-
variant elements by V.

*) The results of this paper were presented to the “Unién Matematica Argentina”
in October 1964.
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We shall say that a unary operator 4 defined on L satisfying
I1) 41=1, I12) dx<uz,
I13) d@Ny)y=4dxNdy, 14) ddx=4x
is an interior operator.
In [18] the dual form of 1.1. was also proved:
1.2. The fomily H of all invartant elements of an interior
operator 4 has the following properties:
H 1) H is a sub-lattice of L containing 0 and 1.
H 2) H is upper relatively complete: that is, for all xe L
the set {he H:h<x} has a supremum belonging to H.
Moreover we have
(2) de=v{he H:h<x}.
Conversely, If H is a subset of L with the properties H 1) and H 2,
(2) defines an interior operator 4 on L, and H is the set of all
imvariant elements by 4.
2. KLEENE ALGEBRAS. Let (A, A,V) be a distributive lattice.
If a unary operation ~ is defined on A such that:
M1l) ~~z=g, M2) ~@Vy)=~zN\~Yy,
we shall say that the system (4, A, V, ~) is a de Morgan lattice.
This notion has been introduced by Gr. Moisil ([11], p. 91) and
studied by J. Kalman [7] under the name of distributive i-lattice.
It is easy to prove that ~ is an involution ([4], p. 4), that is, it
satisfies M1) and
M3) z<y if and only if ~y<~uw.
As ~ is an involution, we have that if {x;};c; is a family of elements
of A such that V z; exists, then A ~ux,; also exists and we have

i€I i€l
M 4) ~ V= A ~a.
i€r (134
Analogously, if A «; exists, then \V ~uz; also exists and
i€r i€rI
M 5) ~ Axi=\V ~2a,.

If A has the last element 1,‘evtze shatlellsay that A is a de Morgan
algebra. This notion has been studied by A. Bialynicki-Birula and
H. Rasiowa ([3], [2]) under the name of quasi-Boolean algebras.
In this case, 0=~1 is the first element of A.

If the operation ~ also verifies the condition
we shall say that A is a Kleene lattice (algebra). A three-element
algebra of this kind was used by S.C. Kleene as a characteristie
matrix of a propositional caleulus ([8], [9], p. 334). These lattices
were studied by J. Kalman [7] with the name of normal distributive
i-lattices. An important example of Kleene algebras are the N-lattices

of H. Rasiowa [19]. We have used the terminology introduced in
[15] and [5].
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Let A be a de Morgan algebra. We shall say that a sub-algebra
B of A s lower (upper) relatively complete, if B has property K 2)
of 1.1 (property H 2) of 1.2.).

From M 3), M 4), and M 5) we can easily prove the following
2.1. LEMMA. A sub-algebra B of a de Morgan algebra A 1is
lower relatively complete if and only if it is upper relatively
complete. In this case the operators V and 4 respectively defined
by (1) of 1.1. and (2) of 1.2. are related by the following formulae:

(1) dae=~V~z, (2) VPe=~d~zx.

We shall say that x € A is a Boolean element if there exists an
element —x e A such that xA —x=0and v —2=1. We know that
if it exists, —x is unique, and will be called the Boolean complement
of w. Let B be the set of all Boolean elements of A. Clearly B
is a Boolean algebra.

We shall use the following result® by A. Monteiro. For com-
pleteness, we give the proof.

2.2, LEMMA, Let A be a Kleene algebra. If z¢ A has a Boolean
complement —z, then —z=~z,

Proor: By hypothesis we have

(1) 2v—2=1, (2) zA—2=0,
therefore by M 2)
(8) ~zA~—2=0, (4) ~zV~—z=l1,
this means
(B) —~2=~—z, (6) —~—z=~g,
and so ~z and ~ —z are also Boolean elements. By K ) we can write,
(7) A~ —2N ~ —2,

As z, —z, ~%, ~—z are Boolean elements, so are (2/A ~z) and
(—2V ~—2). Then by (7) we have —(—2V ~—2)< —(2A ~2), that
is 2A —~—2<—2V —~2z, hence, by (5) 2 A ~2< —2V —~2.

From this relation we deduce

EN~ES(—2V — ~ON~2=(—2A~2)V(~2Z N — ~2),
hence, by (3) and (5),2A\ ~2< —2zA ~z and then
EN~2L2N —2 N\ ~2=0,
So, 2A~2=0 and by M2), z\/ ~2=1, which proves ~z=—z.
Q.E.D.
2.3. COROLLARY. The set B of all Boolean elements of a Kleene
algebra A is a subalgebra of A.

3. (THREE-VALUED) LUKASIEWICZ ALGEBRAS. The notion of
(three-valued) Lukasiewicz algebra was introduced and developed by
Gr. Moisil ([12], [18], [14]) to study the three-valued logic of
J. Lukasiewicz [10]. Its role is similar to Boolean algebras in

*) Unpublished.
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classical logic. We shall use the following A. Monteiro’s definition [6]
that is equivalent to Gr. Moisil’s:
3.1. DEFINITION. A (three-valued) Lukasiewicz algebra 1s a
system (A,1, A, \V, ~,F) such that (A, 1, A\, V, ~) is a Kleene
algebra and V is a wnary operator defined on A that satisfies the
following axioms:*

L1y PlaAy)<FzAVy, L2) ~xVFx=1,

L3 aA~x=~zAlx.

Let us recall some properties ([12]-[14]):

L4) FlxAy)=FzAlry, L5) V(xvy)=FxzVvFy,
Le6) x<lux, L7 VPrxe=rz,

L8) Vxz=x if and only if « is a Boolean element of A,
L9 F0=0.

We must notice that the (three-valued) Lukasiewicz algebras are
examples of Kleene algebras where a non-trivial operator satisfying
L4), L6), LT), and L9) is defined, unlike Boolean algebras, where
G. Bergman [1] proved that the identity operator is the only- one
that satisfies such conditions.

Properties L5), L6), LT), and L9) show that / is a closure
operator on A, hence according to 1.1 and L8), it follows that the
subalgebra B of all Boolean elements of A is lower relatively complete,
and for all x€ A we have

L10) Fe=A{be B :x<b}.

According to 2.1 and 2.3 we can define the operator 4, (that is
interpreted as the necessity operator and noted as v by Moisil) dual
of 7, by the formula:

L11) dr=v{be B:b<Lx}
and we have the relations (1) and (2) of 2.1.
Moisil proved the following determination principle [127:
L12) x<y if and only if dz<dy and Fa<Py.

From L10), L11), and L12) we easily see that the subalgebra B
is separating, that is, if y<x for x,ye A then, there exists beB
such that z<b and y<b or there exists b’ € B such that b’'<y and b’ L.

In short, we can assert that the family of imvariant elements
of the operator V coincides with the subalgebra of all Boolean
elements of A, that is lower relatively complete and separating.
The next theorem shows that these properties characterize the set
of invariant elements of V.

3.2. THEOREM. Let A be a Kleene algebra such that the
family B of its Boolean elements is lower relatively complete and
separating. Then one and only one (three-valued) Lukasiewicz

* The operation ~ was noted as N by Moisil,
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algebra structure can be defined on A.

ProoF: As B is lower relatively complete, by the formula L 10),
we can define the operator /7 and according to 1.1, 7 will have the
properties C1)-C 6) and B will be the family of all invariant elements
of 7. To prove the theorem it is sufficient to show that / also
satisfies axioms L 2) and 'L 3).

Let us prove L2). By C2), z<Vz, by M3) it follows that
~Ve<~x. As Pz isa Boolean element, from 2.2 it follows that ~Fx
is the Boolean complement of Vx. Hence we have

l=~Tav Pz <~zVvFiz<l.

Let us prove L3). First of all by 1.2, 2.1, and 2.3 the operator
4 can be defined, and will have properties I 1)-I 4), moreover it
satisfies

(1) drx=~F~z,

As x<Fzx, it is clear that ~xAz<~x APz,
then, to prove L3) we need to show

(2) VA~ ~aA.

This last proof will be done in two steps:

I. Let us prove the following property:

(P) If z,y of A satisfy

(P2) for all be B such that x<b we have y<b,
then y<z.

For, let us suppose that z,y € 4, z, y satisfy P1) and P2) and
y£x. As there cannot exist be B such that #<b and y£b by P2),
from the separation property of B it follows that there exists b’ c B
such that <y and ¥’Zx. By b'£=z, we have in particular

(3) b'#0.
Moreover
(4) V<y<L ~z.

FeeB and C2) imply 2<VFxz. By P2), we have y<Vx and
b’ <y, hence

(5) V<P,
From (4) and (5)
(6) V< ~zAVz.

Applying 4 to both sides of (6) and recalling 1.2 and the formula
(1), we have by 2.2

A= <M~ AVPxR)=d~a NP x=d~x APz
=Py APx=0,

Then ¥'=0, which contradicts (8). Therefore we have y<2, and
(P) is proved.

II. (P) and the lower relatively completness of B imply (2). For,
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making y=~xAVx we have

(7 y< ~zx,

Therefore z, y satisfy P 1). They also satisfy P2). For, ifbe B
and x<b, then Fe<Fb=>b so y<Fx<b. Then by (P), we have

(8) y=~zAVe<a.
From (7) and (8) we have (2). Q.E.D.
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147. Boolean Elements in Lukasiewicz Algebras. 11

By Roberto CIGNOLI and Antonio MONTEIRO

Instituto de Mateméitica Universidad Nacional del Sur,
Bahia Blanca, Argentina

(Comm. by Kinjird KUNUGI, M.J.A,, Oct, 12, 1965)

0. INTRODUCTION, R. Cignoli has proved the following result:
0.1. THEOREM: Let A be a Kleene algebra. It is possible to
define on A a structure of Lukasiewicz algebra if and only if the
family B of all Boolean elements of A has the following properties:

B1) B is separating.
B2) B is lower relatively complete.

The purpose of this note is to show that if, instead of a Kleene
algebra, A is a distributive lattice with first (0) and last element
(1), then we can define on A a structure of Lukasiewicz algebra if
and only if the family B has the properties B 1), B2), and

B3) B is upper relatively complete.

We shall use the notations and definitions of [1].

In §1 we introduce an alternative definition of Lukasiewicz
algebra which is useful for the purpose of this paper.

1. DEFINITION OF LUKASIEWICZ ALGEBRAS. We can define
the notion of (three-valued) Lukasiewicz algebra introduced and de-
veloped by Gr. Moisil [3], [4], [5] in the following way [6], [7]:
1.1. DEFINITION: A (three-valued) Lukasiewicz algebra is a system
4,1, A, V, ~,7) where (A, 1, A\, V, ~) 18 a de Morgan lattice
and 7 is a unary operator defined on A satisfying the following
axioms:

Ll) ~zxzVvPx=1, L2) xAN~x=~aNFx,
L3) VAy)=FaAFy.

In [6] (Theorem 4.3) it was proved that in a (three-valued)
Lukasiewicz algebra the operation ~ also satisfies the condition
that is, the system (4,1, A, V, ~) is not only a de Morgan algebra
but a Kleene algebra.

A. Monteiro has proved that if we pestulate the condition K),
then we can replace axiom L 3) of definition 1.1 by the weaker

L'3) V@Ay)SPxAVy.

More exactly:

1.2. THEOREM: Let (A, 1, A\, V,~,V) be a system such that
(4,1, A, V, ~) i a Kleene algebra and ¥V is o unary operator
defined on A satisfying axioms L 1), L 2), and L'3). Then (4,1, A,



No. 8] Boolean Elements in Lukasiewicz Algebras. II 677

V, ~, V) is a (three-valued) Lukasiewicz algebra.
ProoF: As Kleene algebras are special kind of de:Morgan alge-
bras, to prove the theorem we need show that
(1) PaAVy<V(zAy).
We will prove (1) in the following steps:
a) x<Vex.
By L 1) we have
eA(~x\VFr)=2xAl=z,
then
@A ~x)V(xAV2)=2
and, recalling L 2), we can write:
(~zAPz)V(@AVx)=2.
Therefore
r=(~xVOANFx <Pz,
b) If ~xAz<z, then z<Fz,
Suppose that ~xAz<x, we have

(~xAR)VPx<Lae P
and then, by a), we can write:
(~x\VFPLINeVPa)<Px
and recalling L 1)
e\ Vele,
therefore
z<le.

c) ~xNAVrzAPy<z.
Using L 2) we can write:
~EAVINPYy=~x AN AVy<z.
d) ~zAVxAVy<y.
By L 2), K), and a) we have
~ENFRAVYy=~2 NS AVYS(~yVATy=(~y AFy)V(»AVy)
=(~YANFYVy=uYA~y)Vy=y.
From c¢) and d) we have
e) ~axAFxAVPy<zAy.
From e), interchanging x by y, we have
) ~yAPxAPy<zAy.
From e) and f), taking acount of M2) it follows that
g) ~@ANAPzAVy<zAy.
Finally, from b) and g) we have (1).
2. CHARACTERISTIC PROPERTIES OF BOOLEAN ELEMENTS
OF LUKASIEWICZ ALGEBRAS. Let (A4,0,1, A, V) be a distributive
lattice with first and last element. If < A has a Boolean comple-
ment, we shall denote it by —z. It is convenient to recall the
following property:
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2.1. If z is a Boolean element of A, then for all xc A
xAz=0 "1s equivalent to < —z.
2.2. LEMMA: Let (A4,0,1, A, \V) be a distributive lattice and let
B be the sublattice of all Boolean elements of A.
a) If B is lower relatively complete, then the operator V
defined on A by the formula:
Fe=A{be B:x<b}
has the following properties:
Cc1l) ro=0, C2) x<rix, C3) Vavy)=Fz\Vvry,
C4) Vre=rw. C5) If x<y, then Fa<ly,
C6) Fz=w if and only if ze B, CT) F(wAPy)=FzAVy.
b) If B is upper relatively complete, then the operator
4 defined on A by the formula:
de=\{be B:b<x}
has the following properties:
I1) 41=1, 12) 4dx<uz, I3) AlxNy)=4dxNdy,
I4) Addx=Ax, I5) If z<y, then x4<4y,
I6) dx=« if and only if xe B, 1Ty Alxv Ay)=4dx\/ 4y.
PROOF: a) The properties C 1)-C 6) are a consequence of the
fact that B is a sublattice of A containing 0 and 1 and lower rela-
tively complete (see [17).
Let us prove C1):
As 2 APy <z, it follows from C5) that

(1) PAPy)<Pz
and since x APy <FVy, from C5) and C4) we have
(2) VAry)<ly.

On the other hand, by C2) we can write:
TAFINATYN V@AV Y)=@AFYN =V (e AVy)
< F@EAVYHA =P AVy)=0.
Since FaAVyA —V(xAFy)e B, we have (by 2.1)
(8) e< =V —FyVV(xAVy).
Meeting both sides of (8) with Fx and using C 2) and (1) we have
r=xAVe<(FaxN\-VyY)VI(@AVy)<FPx
Hence, by C5), C3), and C 6) it follows that
Pe=FaeN—=Py)NVIF(xAVY)
and then, by (2)
Ve APy=V(xAVy).
It is not necessary to prove b), for it is the dual form of a).
Q.E.D.
(Compare this result with [2]).
We shall say that a sublattice B of a lattice A is relatively
complete if it is both lower and upper relatively complete.
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2.3. THEOREM:. Let (A,0,1, A, V) be a distributive lattice with
first and last element such that the sublattice B of all its
Boolean elements is relatively complete and separating. Then,
defining the operators V, 4, and ~ by the formulae:
Fe=A{be B:x<b}, de=v{be B:b<x},
~x=(—daNzx)V —TFz,
the system (4,1, A\, \V, ~,F) is a (three-valued) Lukasiewicz algebra.
Proor: We shall use all properties shown in 2.2 without refer-
ence. The theorem will be proved in the following steps:
a) VAy)<VazAFy.
It follows immediately from C 5).
b) ~xvFPx=1.
It easily follows from the definition of ~uz.
¢c) sA~x=~zAVzx.
Taking account of 2.1, we have A\ —FVx=0, then
TN ~T=xA(—dxN2)V —FVr)=—dxAx.
But we also have
~eAVx={(—dxNx)V —Ve)ANVe=—dxNw.
d) If ze B, then ~z2=—=z.
By z¢€ B, we have dz=z=Fz, then
~2=(—dzN2)\V —Vz=(—2AN2)V —2=—2.
e) —drx=~dx and —Vex=~Fx.
It is an immediate consequence of d).
f) dx=~FV~z.
First of all, we have —dax=V—4dx, —Vx=FV—Vx, hence we can
write
Veax=V((—dxNx)V —Vx)=V(—deNx)VV -V
=V —daNx)V —FVae=F —deNV2)V —Vx
=(—daNPx)N —Ve=—dxN —Ve=—4dx
and then f) follows from e).
g) Ve=~4d~z.
The proof of g) is analogous to that of f).
h) ~~zx=z.
By e), f), and g) we have
~~g=(—d~a A\ ~E)N —V~e=FrA\~x)\V 4z
=FPaeN{(—deAx)V —F))vVde=(—daNz)VIr =2,
i) <y if and only if da<dy and Vx<Py.
If x<y, then dx<dy and Fax<Py.
Conversely, if dx<J4y, then for all 2’ € B we have:
2’ <« implies 2’ <y
and if Fx</y, then for all ze B we have:
y<z implies x<z,



680 R, CiGNOLI and A. MONTEIRO [Vol, 41,

therefore, by the separating property of B, we must have r<y.
7)) If z<y, then ~y<~uz.

According to i), it is sufficient to prove that d~xz<A~y and
Vgl ~y,

But by e), g), and h) we have d~y=—Fy and d~x=—TVx,
hence, if <y, it follows that d~y<d~z. Analogously we can
pxove V~y<V~uzx.

k) ~@Ay)=~aV~y.
It easily follows from h) and k).
) aA~zxZyv~y.

As we have shown in the proof of ¢), ®A~z=—dxAz, thus
4@ N ~2x)=0 and a fortiori
(1) AN\ ~x)<dyV ~y).

On the other hand, yV ~y=yV(—4yAy)\V —Fy=y\ —Fy, therefore
P(yVv ~y)=1, and then we have

(2) V(@eA~x)<P(yV ~y)
and 2\ ~x2<y\V ~y follows from i), (1), and (2).
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126. Sur les Algebres de Lukasiewicz Injectives

Par Luiz MONTEIRO
Institut de Matemaética Universidad Nacional
del Sur, Bahia Blanca
(Comm. by Kinjird KuNUGI, M.J.A., Sept. 13, 1965)

A. Monteiro a proposé® de déterminer les algébres de Lukasiewicz
(trivalentes) qui sont injectives et il a conjecturé qu’elles doivent étre
les algébres complétes et centrées. Nous avons montré non seulement
qu’il en est ainsi, mais aussi que ce résultat peut étre considéré comme
une conséquence d’un important théoréme de Roman Sikorski [8].

Nous supposerons connues certaines notions sur les algébres de
Boole et sur les algébres de Lukasiewicz (voir [3]-[7]).

Les opérateurs de possibilité (M), de nécessité (v) et de négation
(N) seront representés dans cette note respectivement par /7, 4, ~.

Un centre d’une algébre de Lukasiewicz A est un élément ce 4
tel que ~c=c.? D’aprés Moisil A ne peut avoir qu’un seul centre.

Si 4 a un centre ¢, Moisil [5] a montré que pour tout xe A:
x=deV(eNVeNF ~).

Remarquons que

x=(doN )N DT )N (da\F ~x)
et comme dx\/Ve=Fx; Jo\/V~x=4x\/ ~4x=1, alors on peut écrire
plus simplement:
x=(dxNVe)ANFx
ou ce qui est équivalent
x=FxAc)Vdx.

Un élément ke A sera dit booléen si k& a un complément, c¢’est-
a-dire s’il existe k'c A tel que kVEk'=1,kAK =0. 8’il en est ainsi
on a ¥'=~k. D’aprés Moisil [3] pour qu’un élément « soit booléen
il faut et il suffit que Fx==, ou ce qui revient au méme Jr=x.

Représentons par K(A) 'algébre de Boole des éléments booléens
de l'algébre de Lukasiewicz A.

1.1. LemmE: Si C est une algébre de Lukasiewicz compléte,”
alors U'algébre de Boole K(C) est compléte.

DEMONSTRATION. Soit {k;};e; une famille d’éléments de K(C), et soit
k= V k,. Montrons que ke K(C). En effet comme k;<k pour tout

i€T
4 e I, alors, 4 étant monotone, nous pouvons écrire:

1) Dans un cour sur les Algébres de Lukasiewicz réalisé pendant le premier
semestre de 1963 4 'Universidad Nacional del Sur.

2) Voir [3] p. 446.

8) C’est-a-dire le réticulé C est complet.
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k,=d4dk,<dk pour tout te I
d’oll k= V k;<4k<k, donc dk=Fk, et par conséquent ke K(C).

1.2. IEII)EFINITION: Une algébre de Lukastewicz C sera dite
injective st quel que soit Ualgebre de Lukasiewicz A et une sous
algebre B de A, alors pour tout homomorphisme f de B dans C, il
existe un homomorphisme h de A dans C qui est une extension de
f (c’est-d-dire h(b)=f(b) pour tout be B).

Il est bien connu que:

1.3. THEOREME: Toute algébre de Lukasiewicz est sousalgébre
d’une algébre de Lukastewicz compléte et centrée.

1.4. THEOREME: Une algébre de Lukasiewicz C est imjective
st et seulement 81 C est compléte et centree. .

DEMONSTRATION. Nécessaire: Soit C une algébre de Lukasiewicz
injective, alors, par le théoréme 1.3. nous pouvons affirmer que
C peut étre étendue 4 une algébre de Lukasiewicz A compléte et
centrée. Soit f la transformation de la sous-algébre C de A dans
C, donnée par f(x)=x pour tout x€ C. Il est évident que f est un
isomorphisme de C sur C.

Comme C est injective, alors il existe un homomorphisme # de
A dans C qui prolonge f.

Soit {c;}ie; une famille d’éléments de C. Montrons que cette
famille a une borne supérieure dans C. En effet comme ¢;€ A pour
tout i€l alors il existe I’élément V ¢;=c,€ 4, done ¢;Ac,=¢; pour
tout t¢ I, et par conséquent h(c‘-/\c;;:l:h(ci) c’est-d-dire h(c;) Ah(c)=
h(c;). Comme c;€C et h est une extension de I’homomorphisme f,
nous aurons f(¢,)Ak(c,)=f(c;) pour tout i€ I, c’est-d-dire ¢; A h(c,) =
¢, pour tout <€ I, alors: h(c,)e C est un majorant (dansC) de la
famille {¢;}.c;.

Supposons maintenant qu’il existe un élément c¢’'€ C tel que
¢;<¢’ pour tout i€ I, alors ¢,<c’ et par conséquent h(c,) <h(¢')=¢c'.
Nous venons de montrer que %(c,) € C est la borne supérieure (dans C)
de la famille {¢;};,c;, done C est compléte. )

Voyons que C est centrée. En effet comme A a un centre c,
alors nous aurons h(c)=~h(~c)=~h(c), donc (c) est un centre de C.

Suffisante: Soit C une algébre de Lukasiewicz compléte et cen-
trée, A une algébre de Lukasiewicz, B une sous-algébre de A et f
un homomorphisme de B dansC.

K(4), K(C), et K(B) sont des algébres de Boole, et par le lemme
1.1., K(C) est compléte. Soit f’ la restriction de f & K(B), alors
S’ est un homomorphisme booléen de K(B) dans K(C), donc par un
théoréme de Sikorski® il existe un homomorphisme booléen k' de

1) Voir [8] et [2].
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K(A) dans K(C) qui est une extension de f’.
Posons par définition: A(x)=(k'(42)Ve) AR (Fx) pour tout z de
A,
Voyons maintenant que % est un homomorphisme de A dans C.
Pour cela on doit démontrer que:
H1) MazAy)=h(z)A\W(y).
En effet
h@Ay) =0 Az )V )AL T (xAY))
=0 daNdY)VONR T2 AV Y)
=R () NN (L) VONR T 2)AK Fy)
=((A' )V ONR PPNV DAR To) AR T y)
=h(x)A\R(y) .
H2) ~h(x)=h(~zx).
~h(@)= ~ (W' () &) A W (P )
=(~h(dx)N\ ~c)V ~h' (V)
=((W'(~dx)Ne) VIR (~Fx)
=T ~x)VhUd~z)N(eVh'(4d~x))
=W d~2)VONDWFT ~xV 4~7))
=R d~2)VONWF ~2)
=h(~2).
H3) Fhiz)=h{Fx).
Vh(z)=F(h'Fz) N\ (R'(42)\/ ¢)
=V o) \NTh (dx)\VFc)
=V T x)ANTh (dz) V1)
=V x)=h({Fx)
=h'FTe)NRTx)\Ve)
=WFVo)AW (AP x)Ve)=h{F ).
Voyons finalement que % est une extension de f.
Soit be B, alors comme B est une sous-algébre de A, nous
aurons 4b, Pbe B, plus précisément 4b, Pbe K(B), done:
(1) ' (4b)=f"(4b)=f(4b),
(ii) K (Pb)=f"(Fb)=f(Fb)
et par ailleurs nous pouvons écrire, en utilisant (i) et (ii):
R(b)=h'FDYA (R'(4b)V e)=FFDY A (F(4b)\V ¢)
=VfBYA(4f(b)V e)=1(b)

et la démostration est terminée.
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